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ABSTRACT

Data-driven machine learning methodologies have attracted considerable attention for the control
and estimation of dynamical systems. However, such implementations suffer from a lack of pre-
dictability and robustness. Thus, adoption of data-driven tools has been minimal for safety-aware
applications despite their impressive empirical results. While classical tools like robust adaptive
control can ensure predictable performance, their consolidation with data-driven methods remains a
challenge and, when attempted, leads to conservative results. The difficulty of consolidation stems
from the inherently different ‘spaces’ that robust control and data-driven methods occupy. Data-
driven methods suffer from the distribution-shift problem, which current robust adaptive controllers
can only tackle if using over-simplified learning models and unverifiable assumptions. In this pa-
per, we present L distributionally robust adaptive control (L£L1-DRAC): a control methodology for
stochastic processes that guarantees robustness certificates in terms of uniform (finite-time) and
maximal distributional deviation. We leverage the £, adaptive control methodology to ensure the
existence of Wasserstein ambiguity set around a nominal distribution, which is guaranteed to contain
the true distribution. The uniform ambiguity set produces an ambiguity tube of distributions cen-
tered on the nominal temporally-varying nominal distribution. The designed controller generates the
ambiguity tube in response to both epistemic (model uncertainties) and aleatoric (inherent random-
ness and disturbances) uncertainties. We further show how the ‘size’ of the ambiguity tube can be
controlled using certain tuning-knobs that £;-DRAC provides. We demonstrate with a few illustra-
tive examples how £1-DRAC can operate systems while guaranteeing the existence and tunability
of robustness certificates in terms of ambiguity sets/tubes.

Keywords stochastic control, £1-adaptive control, distributionally robust control, controlled
stochastic processes, risk aware control.

1 Introduction

Consider a spectrum of control methodologies with classical tools like robust adaptive control [, 2] on one end
and data-driven approaches relying on data, computation, and deep-learning on the other end [3, 4, 5, 5, 6]. Robust
adaptive control was born out of a need for certifiable robustness margins and has had a long and rich history of
use with safety-critical applications such as aviation [2]. On the other end, while data-driven methods have displayed
impressive empirical performance and can often learn control policies purely from data (e.g., model-free reinforcement
learning [7]), such methods lack robustness guarantees and safety guarantees [S].
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Ideally, one would like to consolidate the robustness guarantees of the classic methodologies with the empirical per-
formance of the data-driven methodologies. However, such a consolidation is far from a straightforward exercise and,
indeed, is a significant hurdle in the adoption of data-driven controllers/methods for safety-critical systems. In an
attempt to provide safety guarantees for systems operating with data-driven learned components in the loop, recent
attempts have focused on considering a robust worst-case analysis and bounded disturbances, which lead to overly con-
servative results, see e.g. [9, 10, 11] and references therein. Instead, one can study average-case (or high-probability)
stochastic safety guarantees to alleviate the conservativeness since then one analyzes the distributions and their as-
sociated statistical properties instead of purely their supports. Of course, the study of dynamical systems subject to
stochastic perturbations brings forth further challenges in their analysis, and thus, a majority of existing work relies
on relatively simple models that allow for amenable statistical properties like, e.g., linear systems that preserve the
Gaussian nature of perturbations under integration or assumptions that are difficult to verify [12, 13].

In addition to safety guarantees with reduced conservatism, another appealing feature of systems operating under
stochastic perturbations is their representation as time-evolving distributions (measures on probability spaces). For
example, under moderate regularity conditions, the probability density functions associated with the transition proba-
bilities of solutions to certain stochastic differential equations (SDEs) exist and evolve as per the Kolmogorov forward
equation (also known as the Fokker-Planck equation) [14, Chp. 2], [15], [15, Chp. 8]. Of course, along with the
distributional representation of systems with stochastic perturbations, we still retain their representation in terms of
trajectories (sample paths) as in deterministic systems. The distributional representation of stochastic systems is ben-
eficial for using data-driven learned systems and control policies. Rooted in statistical learning theory [16], one can
use concepts from generalization theory like (empirical) risk minimization [17] to train models that achieve low-error
on average over the training data distribution. Therefore, while stochastic systems can be represented distributionally,
data-driven models are trained over distributions, and this commonality can be exploited to consolidate safe and robust
control with the use of data-driven models.

While the distributional nature shared by stochastic systems and data-driven learned models is helpful, one needs
to consider the issues that learned models contend with since these will affect the downstream task of their use in
the control of systems. A central assumption in the learning-based method is that the training and testing datasets
(testing refers to the actual system implementation) are samples from the same distribution [18]. The assumption
of the same training and testing (implementation) data distributions allows one to use generalization theory [17] to
obtain results like the one in [19] where the authors were able to provide the validity of learned stability certificates
to new trajectories initialized from unseen initial conditions, but from the same distribution over initial conditions that
generated the training data. However, as one may expect, the assumption of encountering the same distribution of
scenarios that the learned models are trained on will seldom hold in real-life applications. Thus, a significant issue that
learned systems have to contend with is the distribution shift problem: the real-life scenario wherein a learned model
has to provide predictions and actions in response to an input from a distribution that is different from the distribution
it was trained on [20, 21]. Indeed, distribution shift offers a significant hurdle in using learned models and policies in
safety-critical systems, see [22, 23] and references therein. Distribution shifts can occur, for example, when deploying
a controller learned in a simulator. The controller is learned purely based on the quality (accuracy) of the simulator and
its representational capabilities to offer sufficiently rich and realistic scenarios to the learning agent during training.
The distribution shift problem that a simulator-based learned controller encounters in its deployment on a real system
can be broadly classified under the sim2real transfer problem [24, 25, 26]. Distribution shifts can also occur due to
different distributions of initial conditions and the shift between the control policy that generates the training data
and the optimized learned policy deployed on the system. While far from trivial to address, researchers have made
significant progress in tackling the distribution shifts due to change between data logging and learned policy, as is
common in imitation learning (IL), using robustness properties of systems [27].

Perhaps the most significant source of distribution shift is uncertainties in system dynamics models, also known as
epistemic uncertainties. Note that epistemic uncertainties contribute to the reality gap in the sim2real transfer prob-
lem since their effect manifests as the lack of the simulator in representing reality. Furthermore, if one considers
stochastic systems subject to random perturbations (aleatoric uncertainties), the effects of epistemic uncertainties can
be worsened due to the contribution of the aleatoric uncertainties. Of course, as we mentioned above, classical control
tools like robust adaptive methodologies were explicitly developed to counter the effects of such uncertainties in a
predictable and guaranteed manner. However, the often unrealistic need for explicitly parameterized uncertainties and
bounded and deterministic sets to which uncertainties belong causes one to discard the distributional nature of learned
models to use the classical tools. As we mentioned previously, in doing so, we obtain conservative results and also
lose the distributional representation of learned models and rely solely on bounded and deterministic representations,
which contain far less valuable and actionable information. Therefore, we would like to develop a general control
methodology for uncertain stochastic systems to produce certificates of robustness that are distributional in nature and
thus can facilitate seamless and non-conservative integration with data-driven learned models that can be verified to
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Figure 1: Consider the problem of safely navigating an uncertain stochastic system to a goal set (green circle),
avoiding unsafe subsets of the state-space (grey circles). One constructs a control policy for the uncertainty-free
nominal (known) system (the robot with faded colors and a blue outline) as it represents the best knowledge available
for the true (uncertain) system (solid-colored robot). (a) While the control policy successfully guides the nominal
(known) system to the goal set, as we illustrate with temporal state distributions in light blue, applying the same policy
to the true (uncertain) system leads to unquantifiable and undesirable behaviors due to the presence of uncertainties
(illustrated with light-red temporal state-distributions). (b) Thus, one attempts to design an additional feedback policy
to handle uncertainties such that the original policy can still guide the true (uncertain) system predictably and safely.
(c) We provide one such approach, the £1-DRAC control, for the design of robust adaptive feedback such that we
are assured of having the a priori deviations between the nominal (known) system’s state distribution and the true
(uncertain) system’s state distribution. These guarantees are in the form of ambiguity sets (T;) within which both the
nominal and true state-distributions are guaranteed to lie, V¢ > 0. Due to the uniform (finite-time) guarantees on the
system’s distributional transients, one can extrude such ambiguity tubes in time to obtain ambiguity tubes (Usc(o, 7)Y+,
for any T' € (0, 00)), which enables safe predictive planning.

produce predictable and, hence, safe behavior. In other words, instead of restricting the capabilities of data-driven
learned models to make them amenable to consolidation with classical control tools, we aim to raise the abstractions
of robust-adaptive control tools so that such tools are conducive to working with learned models by design.

We present £, -distributionally robust adaptive control (£;-DRAC): a robust adaptive methodology to control uncer-
tain stochastic processes whose evolution is governed by stochastic differential equations (SDEs). We design £1-
DRAC such that we can quantify and control the ‘distance’ between the state distributions of the known (nominal)
system and the true (uncertain) system. We use the Wasserstein norm [28, Chp. 6] as a metric on the space of Borel
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measure to quantify the distance between the nominal and true distributions. We use ambiguity sets' defined via the
Wasserstein distance between the nominal and true state distributions as the robustness certificate against distribution
shifts due to epistemic and aleatoric uncertainties. We develop £1-DRAC using the architecture of £;-adaptive con-
trol [29], a robust adaptive methodology that decouples estimation from control and provides transient guarantees in
response to uncertainties. The £;-adaptive control has been successfully implemented on NASA’s AirStar 5.5% sub-
scale generic transport aircraft model [30], Calspan’s Learjet [3 1], and uncrewed aerial vehicles [32, 33]. A high-level
illustration of the goals and capabilities of £1-DRAC are illustrated in Fig. 1.

1.1 Prior art

We now discuss the existing results in the literature that provide results for problems similar to the one we consider in
this manuscript.

(i) Uniform (finite-time) guarantees: We begin by discussing results that provide uniform (finite-time) guarantees for
controlled stochastic systems. The authors in [34] and [35] consider asymptotic reference tracking for discrete-time
stochastic systems. However, the safe operation of (stochastic and uncertain) systems requires uniform (finite-time)
guarantees instead of asymptotic guarantees. The closed-loop system’s behavior should remain predictable V¢ > 0,
not just when ¢ — 0. Results on finite-time (uniform) guarantees for stochastic systems in discrete-time can be found
in [36], and for continuous-time in [37] and [38]. Using a different analysis, the authors in [38] were able to provide
bounds on higher-order moments leading to tighter tracking error bounds. Furthermore, the results in [35] and [39]
require linearity of the systems under consideration.

(ii) Control-theoretic approaches: Control Lyapunov function (CLF)-based approaches [40, 41] are the most well-
known and applied methods for controlling perturbed deterministic systems. Such methods thus also led to the devel-
opment of Lyapunov-based approaches for stochastic systems [42, 43, 44, 45] wherein notions like that of globally

asymptotically stable in probability are used [46, Chp. 2], [47, Chp. 5]. Asymptotic stability in probability is a property
of the trivial solution (similar to the deterministic counterpart) and hence applies only to systems whose noise vector
field vanishes at zero [47, Sec. 5.1]. The absence of such constraints prevents the stabilization of the trivial solution
and thus requires robust approaches, e.g., see [42, Sec. 4]. Still, however, being Lyapunov-based approaches, as in the
references mentioned above, one attempts to compute a stochastic Lyapunov function which depends explicitly on the
noise (diffusion) vector field [46, Lem. 2.1], [47, Thm. 5.3]. Such requirements exacerbate the already challenging
problem of synthesizing (control) Lyapunov functions.

An approach that avoids the synthesis of stochastic Lyapunov functions is to consider stochastic systems whose ro-
bust stability can be determined owing to the stability of the deterministic system counterpart (noiseless stochastic
system). For example, the authors in [38] derive the stability of a stochastic system using a Lyapunov function for
the deterministic counterpart system. However, this approach requires synthesizing a CLF for the deterministic sys-
tem, which is still no trivial task for nonlinear systems. As an alternative, contraction theory-based solutions offer
a computationally tractable convex formulation for searching CLFs for nonlinear systems [48]. In fact, contraction
theory offers necessary and sufficient characterization for the stability of trajectories of nonlinear systems [49]. A few
examples of contraction theory-based solutions for control and estimation of nonlinear deterministic systems can be
found in, e.g. [50, 51] and in [52, 37] for stochastic systems. The tutorial paper [53] provides a comprehensive and
exhaustive discussion on using contraction theory to control and estimate nonlinear systems. Using the robustness of
the contraction-based controllers, the authors in [54, 53] prove the robustness of the stochastic counterpart systems.
However, as the authors in [38] observe, the transfer of the stability properties of the deterministic systems to their
stochastic counterparts only holds under certain conditions [15]. This fact holds for the robust controllers in [54, 53],
which apply only to stochastic systems whose noise (diffusion) vector fields are uniformly spatially and temporally
bounded. The authors in [55] developed a learning-based synthesis of contraction theory-based control for nonlinear
stochastic systems; however, similar to [54], the robustness guarantees only hold for systems with bounded noise
(diffusion) vector fields.

In addition to the references provided above, a further few examples of adaptive control for uncertain nonlinear stochas-
tic systems can be found in, e.g. [56] where the authors consider a strict-feedback system with time-delays and utilize
a stochastic Lyapunov function to show global asymptotic stability in probability, and [57], wherein the authors con-
sider output-feedback tracking for a system with linearly parameterized uncertainties and bounded noise (diffusion)
vector field. Using deep-learning methods, the authors in [58] (see also [53, Sec. 8]) provide adaptive control schemes
with robustness guarantees for affine and multiplicatively-separable parametric uncertainties and uniformly bounded
disturbances. The assumption on bounded disturbances precludes the use of continuous-time random processes like

"We shall provide rigorous definitions for ambiguity sets and tubes later in the manuscript; we avoid the rigor here to avoid
overburdening the reader in the introduction section. For the moments, ambiguity sets can be considered simply as a set of
distributions (Borel measures on vector spaces over the field of reals).
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Brownian motion [59], and the assumption on structured parametric uncertainties can also be too restrictive to verify.
Another example of learning-based adaptive control synthesis can be found in [60], where the authors pose the syn-
thesis of adaptive controllers as a meta-learning problem. The authors used model ensembling to counter epistemic
uncertainties and displayed robustness to distribution shifts. However, this was achieved empirically, thus preventing
its use for a priori predictive planning. Furthermore, the distribution shift was shown for distributions with compact
supports. The result in [61] also uses L£1-adaptive control, albeit for linear systems with additive Brownian motion.

(iii) Learning-based control: One can find recent results on handling epistemic uncertainties and the associated distri-
bution shift under the umbrella term of learning-based control. For example, the authors in [62] consider discrete-time
deterministic systems and combine density models with Lyapunov functions. Hence, the learned agent remains in, or
close to, the training distribution during implementation (testing). While the work in [62] and ours share the same goal,
the approach taken by the authors is primarily a learning-based data-driven approach where the system is controlled
to remain near the training data distribution, thus avoiding high-uncertainty subsets of the state space. Reachability
analysis for uncertain systems is a popular and effective approach for the safe control of uncertain systems, e.g. [63]
wherein the authors use the Hamilton-Jacobi reachability analysis for systems under unknown but bounded distur-
bances. Similarly, the authors in [64] analyze goal reachability for a class of uncertain stochastic systems under
unknown but bounded stochastic disturbances. As we stated before, using bounded stochastic disturbances disregards
beneficial statistical properties of the disturbances and uncertainties, and hence the state distributions. Thus, one must
then rely solely on considering the supports of the distributions leading to conservative analyses. While the assumption
of bounded disturbances simplifies the analysis relatively since, e.g., as in [64], the system state is differentiable in
time even in the presence of stochastic perturbations, such assumptions exclude the use of models driven by Lévy pro-
cesses like Brownian motion [65]. Reachability analysis of systems perturbed by noise with non-compactly supported
distributions is a challenging prospect as evidenced by recent results in [66, 67, 68] wherein the authors consider linear
systems with additive random disturbances that are possibly correlated, and [69] wherein the authors consider both
linear and nonlinear systems with the vector fields are assumed to be known. The work in [70] considers reachability
analysis for nonlinear stochastic systems in terms of probability measures corresponding to the state distributions.

(iv) Distributionally robust control: Distributionally robust optimization (DRO) is a sub-field of mathematical opti-
mization that considers obtaining extrema of distributionally ambiguous (uncertain) cost functions, see e.g. [71, 72, 73]
and references therein. Therefore, it stands to reason that DRO can assist in achieving the same goals for systems
with distributional uncertainties, similar to how one synthesizes robust controllers against systems with compactly
supported uncertainties (€ compact sets). Indeed, several recent results use DRO for distributionally robust control
(DRC). The results in [74, 75] consider disturbances with unknown distributions in discrete time; however, the dy-
namics are assumed to be linear with the disturbances affecting the systems additively. Under the same assumptions
of linear dynamics and additive disturbances, the authors in [76] provided a distributionally robust integration of per-
ception, planning, and control. While the authors in [77] consider DRC for nonlinear systems, the noise is assumed
to perturb the system additively. The authors in [78, 79] consider nonlinear systems with disturbances of unknown
distributions also affecting the system in a nonlinear fashion; however, the authors assume the availability of a (finite)
number of samples from the actual disturbance distribution along with the accurate knowledge of the dynamics. The
authors in [80] recently demonstrated the use of DRC for partially observable, albeit linear systems. When samples
from the true distributions are unavailable, assumptions on the existence of an ambiguity set of distributions is assumed
as in [81]. Instead of considering systems with distributionally uncertain disturbances, the DRO formulation can also
be used for the case of uncertain environments, see e.g. [82, 83, 84, 85].

1.2 Contributions

The following describes our contributions regarding the features of the £,-DRAC control compared to existing results
in Sec. 1.1.

(i) The design of £1-DRAC control ensures the existence of a priori computable uniform (finite-time) guarantees
for the closed-loop system in terms of maximal deviation between the distributions (probability measures) of the
true (uncertain) stochastic system and its nominal (known) version. The uniform bounds of distributional deviation are
in the form of Wasserstein metric that define the guaranteed ambiguity sets (and tubes), see Fig. 1(c). Moreover,
suppose the initial distributions have bounded higher moments. In that case, £1-DRAC can ensure the existence of a
priori higher-order Wasserstein ambiguity sets (tubes), thus leading to, e.g., tighter tracking errors. However, unlike
the existing results we mention in Sec. 1.1, we provide finite-time guarantees for uncertain nonlinear stochastic
systems, thus avoiding the assumption of accurate knowledge of the system dynamics or their structure, e.g., linear
dynamics and additive disturbances. Finally, in addition to the ambiguity tube guarantees defined as the union of
time-dependent ambiguity sets, we also show how £;-DRAC provides robust guarantees in the form of a priori
computable ambiguity sets in the space of path measures (distributions defined directly on the system trajectories
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overt € [0,T), for any T' < 00). In other words, instead of taking union of ambiguity sets over probability measures
on the space of real-valued vectors, we can construct ambiguity tubes as ambiguity sets over probability measures on
the set of continuous functions. We posit that such robust path measures can greatly benefit sampling-based planning
and control as it will allow one to directly sample trajectories instead of sampling from multiple temporal distributions
over the control horizon.

(ii) The £1-DRAC control relies only on the stability of the deterministic counterpart of the known (nominal) subsys-
tem as in [38, 55, 54]. However, when compared to the existing control-theoretic approaches, £1-DRAC is applicable
to nonlinear systems with (globally) unbounded diffusion and drift uncertainties which leads to instability of the
true (uncertain) system despite the stability of the nominal (known) system. The uncertainties are not required
to have any parametric structures and require mild assumptions on their growth but not their global boundedness.
Despite the unbounded and non-parametric uncertainties, £1-DRAC is applicable to systems driven by Brownian mo-
tion. Furthermore, £,-DRAC can also handle noisy control channels wherein an instance of the Brownian motion
acts multiplicatively on the control input (systems subject to control multiplicative noise). Systems with control mul-
tiplicative noise are important for modelling processes that are relevant to biomechanics, neuroscience, autonomous
systems, and finance [86, 87, 88, 89, 90, 91, 92]. In conclusion, we design £1-DRAC for systems with both state and
control multiplicative noise.

(iii) Unlike the existing learning-based approaches, the design of £;-DRAC does not use data-driven learning to
produce guarantees of uniform and maximal distribution shift and instead relies on an adaptive mechanism to com-
pensate for the uncertainties. While the nominal (known) system and a controller to stabilize it might be learned
from data, the distributional robustness that the £;-DRAC controller guarantees does not require learning. Since the
L1-DRAC control ensures uniform guarantees of maximal distribution-shift, we consider £,-DRAC as an approach
where one uses control to enable safe use of data-driven learning, as opposed to using learning to enable safe
control.

A significant benefit of using £1-DRAC control is the ease of ensuring the safety of uncertain nonlinear stochastic
systems when compared to the existing state-of-the-art. For example, £1-DRAC control can provide a computation-
ally inexpensive (optimization-free) approach to compute reachable sets or collision-free plans for safe operation
uncertain nonlinear stochastic systems. Indeed, the a priori existence of ambiguity sets that £;-DRAC control
ensures (see Fig. 1) provides a reachable set of state-distributions (probability measures) for any ¢ > 0. Thus, one
only needs to analyze the reachability of the nominal (known) system, and the ambiguity set guarantees “‘snap-on” to
guarantee reachability for the true (uncertain) system without any additional computation and optimization.

(iv) The results on distributionally robust control (DRC) we reference above consider accurate dynamics but are per-
turbed by disturbances of unknown distributions, which implies uncertain distributions over states despite the accurate
knowledge of the dynamics. Thus, one may assume the accurate dynamics to correspond to the known (nominal)
version of the true (uncertain) systems. At the same time, the unknown distribution of the disturbance subsumes the
effects of epistemic uncertainties and noise. We instead consider uncertain nonlinear systems driven by Brownian
motion. Even though the distribution of Brownian motion is well-known, e.g., normally distributed and independent
increments [93, 59], the presence of state-dependent uncertainties in both drift and diffusion terms imply the random
perturbations affecting the systems we consider possess unknown distributions, are correlated, appear multi-
plicatively, can affect the control channel, and thus lead to uncertain state distributions. Therefore, while the
DRC results and our work consider different systems regarding knowledge of the dynamics and the distribution of
disturbance/noise, both lead to uncertain state distributions.

Unlike the state-of-the-art for DRC, £1-DRAC does not require a priori existence or knowledge of ambiguity sets
for the true (uncertain) state distributions, nor the a priori availability of (finite) samples from the uncertain
distributions. Indeed, the existence and knowledge of ambiguity sets are not guaranteed for the uncertain systems
we consider. We do not make the unverifiable assumption of a priori availability of samples from the true (uncertain)
state distributions because the £1-DRAC controller uses state-feedback, and hence, it receives exactly one sample
from the time-varying uncertain state distribution at each point in time. Under slightly stronger conditions than
the ones required for well-posedness for nonlinear SDEs, we show 1) the existence of the ambiguity sets (tubes) for
the true (uncertain) distributions, 2) the existence of the a priori computable radius of ambiguity sets over both
temporal and path measures, and 3) a certain amount of control on the radius of the ambiguity sets allowing us to
exercise a degree of control on limiting the distribution shift.
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1.3 Notation

1.3.1 Sets, spaces, and norms

Unless specified otherwise, ||-|| denotes the 2-norm on the space R™, where n € N will be clear from context. Similarly,
|||l denotes the induced operator (Euclidean) norm on the space of linear maps R™*™, n,m € N. We denote by R~
and R> the set of positive and non-negative reals, respectively. Furthermore, ||-|| » denotes the Frobenius norm on

R™*™. For any A € R™*", Tr [A] denotes the trace operator. Note that for any A € R"*™, ||A||, = /Tr[AAT].
The space of symmetric matrices € R™*" is denoted by S™, with S and ST, denoting the set of positive and
non-negative symmetric matrices, respectively. -

Given any set I, we denote by B(F'), the Borel o-algebra generated by F' (assuming there is a topology or a metric
to define open sets in F'). Note that, if F'is a normed metric space, the open sets included in the Borel o-algebra are
defined using the natural norm on F, unless otherwise specified. We denote by 5(R™) as the Borel o-algebra on R™.
We say that a map is (€2, I')-measurable if the map between the measurable spaces (£2, Q) and (T, &) satisfies the
standard definition of measurability (pre-images of sets € & under the map, belong to O). For any finite dimensional
vector space V' over the field of reals, e.g. R", the o-algebra V of subsets of V' will be the Borel o-algebra, i.e.,
V=B(V).

Given sets F' and G, we denote by C"(F;G), n € NU {oo}, the set of maps F' — G that are n-times continuously
differentiable, and C(F;G) = C°(F;G). Similarly, we define CJ(F; G) to be the space of compactly supported
functions, under the assumption that one can define compacts sets C F. We equip the set C(F'; G), with the norm
| fllc = sup;er || f(t)|ls, if G is a normed space with the norm ||-|| ;.

Given any measure space (A, &, T) and the measurable space (R™, B(R™)), for any n € N, we define the following
space of equivalence classes of functions A — R™ as

L, (AR™) = {f : A — R", (A, R")-measurable : || f[|; = (/A ||f(/\)||pd'|]'(/\)> ’ < oo} , p€[l,00), (la)

Lo (A;R™) = {f A — R", (A,R")-measurable : ||f||, =esssup| f| < oo} ) (1b)
°° A

where ess sup denotes the essential supremum, and we choose the Euclidean norm inside the integrand, although, any
norm can be used in place due to the equivalence of finite dimensional norms. For the case of functions R™ — R",
m,n € N, we set (A, ®,T) = (R™,B(R™), ur,), where p, is the Lebesgue measure on B(R™) [94]. Therefore, the
norm for functions in L, (R™; R™), as in (1) is defined using the Lebesgue integral, and similarly for the ess sup for
the case when p = co. We denote the set of locally integrable functions, for p € [1, 0c], by

Ll (AR™) ={f: A= R"| f € L, (V;R") foreach open V CC A},

where V' CC A denotes that V is compactly contained in A, i.e., V C V C A where the closure V is compact [95,
Sec. A.2]. Given any open U CC R™ whose boundary QU is at least continuously differentiable [95, Sec. C.1], and
some N 3 k > 0, consider a multiindex 8 = (81, -+, Bn) of order |3] = 81 + -+ + B, < k. Then, we define the
Sobolev space [95, Ch. 5] S¥P(U;R™) as

D=

S UR™) = f U SR [ fllgen = | 30 [ID70],]7] <oop. <p<),
|BI<k

where, the notation D” is defined as
. 8/81 8671 .

and denotes the weak/generalized derivative [95, Sec. 5.2.1]. Analogous to L:{;’C, we define the space of functions with
locally integrable weak derivatives over any open U C R™ as

SEP(U;R™) = {f: Q= R"|fe S (V;R") foreach V CcC Q}.

loc

We denote by L the space of piecewise continuous (in time) and bounded functions f(t) € R™ with
£l o = maxi<i<n {Supssg | fi(t)[} < co. Similarly, for any 0 < 7' < oo, we define the norm

Hf||[£0;0T] = maxi<i<n {SUPte[o,T] |fl(t)|} < oo, for all piecewise continuous functions f(¢) € R™ without a finite
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escape time. In the same spirit we define the space £, and £[10’T] of piecewise continuous integrable functions f(t) €

R™ with || f|| ., = S 1 (s)|l ds < oo and Hf||[£OiT] = j;)T [l f(s)|l ds < oo, respectively, where any finite-dimensional
norm is admissible in the integrand.

Given two normed linear spaces F' and G, we denote the space of all linear and bounded operators F© — G by
L(F,G) equipped with the norm [-|| ¢ f, ;) induced by the norms on F' and G [96, Defn. A.3.9]. We also write

£(F) = &(F, F).

1.3.2 Probability Theory

Throughout the manuscript, the triple (€2, §, P) denotes by the underlying complete probability space, where (2 is the
sample space, § is a o-algebra of subsets of 2, and P is a probability measure on §. Given any random variable X
(collection of sets & C §), we denote by o(X) (o(&)) the smallest o-algebra generated by X (&). Given any two o-
algebras & and R, we denote by S VIR = o(GUR) the join of the o-algebras & and R (the o-algebra generated by &
and fR). The product o-algebra formed from o-algebras G and R is denotedby SRR =c (S x R : S € &, R € R).

Given the probability space (€2, F,P) and a measurable space (R™, B(R™)), we define the spaces L,(Q;R"™), p €
1, 00] using (1) with (A, &, T) = (2,F,P). Given any f € L,(Q;R"), p € [1,00), we define the p*"-moment of
FasE[fIF] = IIF11 ,» Where E ['] is the expectation operator. Note that unless otherwise specified, the underlying
probability measure is always chosen to be P’ (the measure for the underlying probability space (€2, §, P) throughout
the manuscript).

Given any Polish metric space (X, d) (complete and separable metric space [97, Defn. 18.1]), and any two probability
measures 71 and 7o, we define the p-Wasserstein metric, p € N, as

1
p

W2 (7, m0) = inf /dx, Pdv(zx, ) = inf {[E d(z, p%},
o (m1,732) (Ven(mm) . (2,y)Pdy(z,y) et B [d(z, y)°]
where I1(7, 7o) denotes the set of all possible couplings of 71 and 7o, see [28, Chp. 6] for further details. Using the
Wasserstein metric, we can define the ambiguity set AP(u, €, (X, d)) for any probability measure i on (X, d) and any
scalar € > 0 as

Ap(, €, (X, d)) = {Probability measure v on X : W;( (v,p) < e}

For any two o-finite measure spaces (A;,®;,T;), ¢« € {1,2}, we define the product space as
(A1 x A2, &1 X B9, Ty x Ty) and where the product measure is defined as T = T; x To such that T(G; x Ga) =
T1(G1)T2(G2). If o-finite measure spaces are probability spaces, then the product space is a probability space as well
with the product measure as the underlying probability measure [97, Sec. 9.2, Thm. 7].

1.3.3 Stochastic Processes

We assume that the probability space (€2, §, P) is equipped with a filtration (§;);>0, and we thus denote the underlying
probability space equipped with the filtration by (€2, §, (§¢)¢>0, PP). For statements that hold almost surely with respect
to the probability measure [°, we write that the statement holds P-a.s.. For example, we say that an §;-adapted
stochastic process X; : {2 — R™ is continuous P-a.s. if it is continuous almost surely under the measure P. See [97,
Chp. 11] for definitions of filtrations and adapted processes.

Given any T € (0,00) and n € R", let B(C([0,T]; R™)) denote the Borel o-algebra of open sets in C([0, T]; R™)
generated by cylinder sets of the form C = {f € C([0,T];R"™) : f(t;) € 4;, i =1,...,k}, forall k € N, all choice
oftimes 0 < t; < -+ <t < T,andall A; € B(R™) [59, Chp. 2]. Then, an F;-adapted and continuous P-a.s. process
Xi : Q — R", we denote by Xo 7} the law of the process X;, t € [0,T], and is the probability measure induced
by X[o,71 = Xie[o, 1), When interpreted as a random variable (2, §, (¢)¢>0, P) — (C([0,T]; R™), B(C([0, T];R™))).
That is, for any A € B(C([0,T];R")), X[o,71(A) = [P’X[B}T] (A), the push-forward measure. Similar to X[ 77, we
denote by X'[t(LT]’ z € R™, the law of the process X;¢[o,7) With X¢ = x P-a.s.. Since the laws are defined on cylinder
sets, the law of the process provides us with information like Xo 77(X¢, € Ay,---, X, € Ag), forany k € N, any
choice of times 0 < t; < --- < ¢, < T, and any A; € B(R").

Note that at each time ¢ € [0, 7], X; induces a probability measure on R™ (push-forward measure) which we define
as X;(A) = PX,; '(A), for any A € B(R™). Similarly X7, for when X, = = P-a.s.. Thus, we refer to X; as the
temporal measure, while we refer to X[o 7 as the path measure. This allows us to distinguish our interpretation of
X, t € [0,T7, as a random variable between (£, §, (§¢)i>0,P) — (R”, B(R™)), or between (2, F, (F¢)t>0,P) —
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(C([0,T); R™), B(C([0,T]; R™))). Thus, we can study properties of the stochastic process either at each point in time,
or over the entire temporal horizon. Furthermore, note that for any ¢ € [0, 7], we have the relation X[o 7)(X; € A) =
X¢(X: € A),VA € B(R"™) since A € B(R") is itself a cylinder set.

Throughout the manuscript, we reserve the notation W;, and its slight variants, to denote a d-dimensional Brownian
motion, for any d € N, that is §;-adapted. Since Brownian motion is continuous P-a.s. [59], we use the definitions
above with X; = W; and thus define W;, ¢t € [0,T], as the temporal measure and Wo, 7} as the path measure (law).

Note that since by definition Wy = 0 € R™ P-a.s. [95], we have W, = W, and Wjo 77 = W[% -

For the §;-adapted and d-dimensional Brownian motion W5, ¢ € [0, 7], we denote the filtration generated by W;
by 20, = o ({W, : s < t}) and we further define 2o 77 = o (Usepo,7720¢). Additionally, consider an §;-adapted
and n-dimensional continuous P-a.s. process X;, t € [0,7]. We define X; = o ({Xs : s <t}) and Xpg ) =
g (UtE[O,T}:{t)' If Xt is QUt-adapted, then :{t C Qﬁt, and X[%.,T] (th S Al,' c ,th € Ak) = W[O,T] (thl €

Ay, -, X € Ag), forall k € N, all choice of times 0 < t; < --- <t} <T,and all A; € B(R"), forany k € N,
any choice of times 0 < t; < --- <ty < T, and any A; € Xio,7) [15, Chp. 7]. Here, X" denotes the fact that X = x
P-a.s.. With a slight abuse of notation, we denote by [E [-] to be the expectation w.r.t. to the law Wy 7} of the Brownian
motion Wy = WP, t € [0, T). Similarly, we denote by E,. [-] to be the expectation w.r.t. to the law X,y of the process

XF,t €[0,T)]. Thus, if X; is 2;-adapted, then E,, [f(X;)] = E [f(X})], where f is any sufficiently regular function.

1.3.4 General Notation

We define the diagonal set As,, of the vector space R?", n € N, and the point-to-set distance |-| A,, S

Azni{ceRQ" :3deR™ : c=[d" dT]T}, lala,, = égf la — 2]
z 2n

For any n, m € N, we define 0,, and 0,, ,,, to be the vector and matrix of zeros in R™ and R™*™, respectively. We
define 1,, and 1,, ,,, analogously. For any a € R, we define the indicator function 1 : R>o — {0, 1} satisfying
1(a) =0,ifa =0, and 1(a) = 1, otherwise. We define 0,, : R x {1,--- ,n} — R™ to be a vector-valued map with
all zero entries except for the j*" element which takes the value of its first argument.

Forany A € R™*™, we denote by [A], ; the element at the i*"-row and j*" column. Similarly, [A]; and [A] ; denote
the i*"-row and the j*" column of A, respectively. We denote the i"-element of a vector z € R™ as ],

For any continuously differentiable function f : R™ — R, we denote the gradient of f by R" > 9, f(a) =

T
0, f(@)],—, = [%ﬁw) %@”)} . Note that for f : R” — R", 9,f(a) € R™*™. We similarly define

the Hessian 92g(a) € S™ for any twice continuously differentiable g : R™ — R.

2 Systems, Assumptions, and Problem Statement
We first begin with the definitions of the processes and stochastic systems we consider.

2.1 The Systems

We begin by defining the known and unknown functions that define the known and unknown drift and diffusion vector
fields, respectively.

Definition 1 (Vector Fields) Consider the known functions f : R>o x R” — R", g : R>g — R" "™, and p :
R>o x R" — R™*% for n,m,d € N. Consider also the unknown functions Ay i Ry x R™ = R™ and A, -
R>o x R™ — R"™*d For anya € R™, b € R™, andt € R>q, we denote by

F,(t,a,b) = f(t,a) + gt)b+ A, (t,a) € R, F,(t,a) =p(t,a)+ A, (t,a) € R4, 2)

the true (uncertain) drift and diffusion vector fields, respectively. Similarly, for any a € R™ and t € R>q, we denote
by

E,(t,a) = f(t,a) €R", F,(t,a)=p(t,a) € R"*, 3)
the nominal (known) drift and diffusion vector fields, respectively. Note that we have the following decompositions
F, (t,a,b) = F, (t,a) + gt)b + A, (t,a) € R™, F, (t,a) = F, (t,a) + A, (t,a) € R™*%. 4)
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We now use the vector fields in Definition | to define the true and nominal processes that we study with respect to
each other in this manuscript.

Definition 2 (Processes) The notations in the following mostly follow the convention in [15]. Let (2, F,P) be a
complete probability space that we consider as the underlying space throughout the manuscript. We denote by W,
and W any two independent P-Brownian motions. The filtrations generated by Wy and W} are denoted by 20, and
207, respectively. We also define W, = o (Uy>W,) and W, = o (U>207). Let xg ~ &y and xfj ~ & be two R™-
valued random variables that are independent of the c-algebras 2, and %, respectively, where &y and & are the
respective distributions (probability measures) on the Borel o-algebra B (R™). Then, we define 2o+ = o (§o) V 20,
and W , = o (§5) V Wy

Forany T € (0,00), we say that X, X* € C([0,T]; R™) are the true (uncertain) and nominal (known) processes,

respectively, if they are respectively adapted to the filtrations W 1 and W7 ,, and are the unique strong solutions to
the following Ité stochastic differential equations (SDEs), for all t € [0, T):

dXy = F, (t, Xy, Up) dt + F, (¢, Xy) dW;,  Xo =m0 ~ & (P-a.s.), (52)
AX; = By (4.X7) dt + Fy (1, X0 dW7 . X5 = ~ & (Pas.), (5b)

where the vector fields F, ;1 and F {u,0}> are presented in Definition 1, and Uy is some yet-to-be-defined process. We
refer to Uy as the feedback process. We will drop the quantifier P-a.s. from here on unless it is not clear from context.

We denote X[ 1) and X[*O 7] the true and nominal laws (path/trajectory probability measures) induced respectively
by the process paths Xy 1) and X[*O ) 01 the o-algebra B (C ([0, T]; R™)), i.e., X{o, 7] ~ X[o,7] and X[*0 ™~ X[*O )
Remark 2.1 We do not assume the uniqueness and existence of the strong solutions X; and X} of (5a) and (5b),
respectively. The well-posedness of (5b) is straightforward to establish under general conditions, see e.g. [59, Defini-
tion 5.2.1], [14, Sec. 4.5], and [15, Sec. 5.2]. However, the well-posedness of (5b) is more challenging prospect. The

primary reason is that the true (uncertain) process X; depends on the feedback process Uy, and thus we will have to
establish well-posedness once we define Uy;.

The separability of the Banach space C ([0, T]; R™) implies that B (C ([0, T]; R™)) = o (€ ([0, T], R™)) where
¢([0,T),R") > C(k) ={h € C([0,T];R™) | h(t1) € By,...,h(ty) € By}, VkeN, 6)

for all choice of temporal instances 0 < ¢; < ... < tp < T, and all By,...,B, € B(R") [98,

Sec.2.1, p. 12]. Along with the separability of strong solutions [99, Thm. 5.2.1], the Kolmogorov extension the-

orem [59, Thm. 2.2] implies that the finite-dimensional cylinder sets form a determining class for the probability
measures on B (C ([0,7]; R™)) [98, Thm 2.0]. Consequently, it suffices to define the laws Xo 7 and Xy, 7] on the

cylinder sets as done by the authors in [15] and [14]. Using the laws as probability measures on the finite-dimensional
cylinder sets, we define the distance between the laws Xg 7 and X[*O 7] using the Wasserstein metric in the following

definition.
Definition 3 For any C'(k) € €([0,T],R"), k € N, as in (6), the action of the laws Xo,r) and X[, 1 on the finite-
dimensional cylinder set C(k) is defined by the respective finite-dimensional distributions Xy, ..., and X, ., as

follows: *
X017 (C(k)) = X¢,.ty, (By X --- x By,) =P [Xy, € By, , Xy, € Bl (7)

The map X}, .., : C(k) — [0,1] is defined analogously.

k

For each k € N, the finite-dimensional laws Xy, ..., and X, .., are probability measures on the Polish space Rk
equipped with the metric induced by the Euclidean norm ||-|| on R¥™. Therefore, we define the distance D, between
the laws X[ 1) and XFO_T] using the Wasserstein metric ng (th...tk , X;‘l,_tk) as follows:

9, (X[O,T],xfm) = i“gW?’“ (Xt Xi0 ), 0<ti<...<ty <T, peN. )
€

Remark 2.2 The distance D, (X[O,T], Xf‘o T]) in (8) is the supremum of the set of Wasserstein metrics between all
finite-dimensional distributions X, ...;, and X .., corresponding to the laws Xo 7 and X[*07T], respectively. It is
not, however, a metric between the laws themselves since Xg 7] and X[*O 7] are probability measures on the infinite-

dimensional space C ([0, T]; R™). As we have previously discussed, the consistent finite-dimensional distributions can
be extended to measures on C ([0, T']; R™) using the Kolmogorov extension theorem [98, Thm 2.0]. For example, such
a procedure is used for a construction of the Brownian motion [15, Sec. 2.2]. However, it is not clear to the authors if
a similar extension can be performed for the Wasserstein metric from R™* to C ([0, T]; R™) equipped with the metric
induced by the uniform norm. This a topic of future research.

10
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Remark 2.3 From the perspective of control and planning, the distance D, ( X[o, 17, X[*O 7] in (8) provides a bound

on the discrepancy between the true and nominal laws Xo 7] and XFO’T] over all finite-dimensional cylinder set which
has appealing operational interpretations. As an example, the distance in (8) can be used to a priori compute the
success probability of an uncertain system tracking a nominal trajectory while navigating an obstacle course. The a
priori quantification of such probabilities can then be used to inform the upstream task of nominal trajectory design
that satisfies the desired (probabilistic) performance guarantees.

2.2 Assumptions

We now state the assumptions we place on the systems we defined in Sec. 2.1 and discuss their verifiability and
consequences. We begin with the assumptions for the nominal (known) system in (5b).

Assumption 1 (Nominal (Known) System) The known functions f(t,a) and p(t, a) in Definition 1 are Lipschitz con-
tinuous, locally in a € R™ and uniformly int € R>, and there exist known Ay, A, € R such that

1F @l < A3 (14 lall’) s llp(t )l p < Ay, ¥(t,a) € Rso x R™.

The input operator g : R>o — R"™*™ has full column rank, Vt € R>¢, and satisfies
g € CH([0,00);R™™), |lg(®)llp < Agy  N9(t)llp < Ag,Vt € Rxo,
where Ay, Ay € Ry are assumed to be known.

Additionally, since g(t) is full rank, we can construct a g*= : Rsg — R™7"™™ such that Tm g(t)* = kerg(t)"
and rank ([g(t) g(t)*]) = n, Vt € Rsq. We assume that g*-(t) € R™ "™ is uniformly Lipschitz continuous in
t € Rxg, and Hg(t)J-HF < A;-, Vt € R>o, where A;‘ € R~ is assumed to be known.

Remark 2.4 The condition on local, instead of global Lipschitz continuity expands the class of systems we can con-
sider. However, the local Lipschitz continuity along with the linear growth condition requires an analysis like the
Khasminskii-type theorem [100, Thm. 3.2] to establish the existence and uniqueness of strong solutions. If instead,
one assumes global Lipschitz continuity, then standard results on well-posedness can be used, see e.g., [15, Thm. 5.2.1]
and [100, Thm. 2.31]. We assume the uniform boundedness of the known diffusion p(¢, ), instead of linear growth,
since it is a sufficient condition to transfer the stability of the deterministic counterpart of (5b) to the complete stochas-
tic system via robustness arguments, see e.g., [37, 53, 54]. However, as we will see below (see Assumption 4 and the
subsequent comments in Remark 4), we do not place any such assumptions on the diffusion term of the true (uncertain)
system in (5a). Therefore, the stability of (5a) is not guaranteed by the stability of its deterministic counterpart. The
requirement that the initial condition {, € Lo,, for some p € N implies that, at the minimum, §, € L, which is a
standard requirement for SDEs, see e.g. [Thm. 5.2.1][15].

We now place assumptions on the existence of certificates of stability that render the nominal (known) system in (5b),
and its deterministic counterpart (W} = 0, V¢) stable, if well-posed. We will subsequently discuss the notions of
stability that the following assumption endows upon (5b).

Assumption 2 (Nominal (Known) System Stability) Assume there exist known oy, s, A € Rsg and a function V €
C3(R™ x R™;R) such that

arla=b|* < V(a,b) <aslla=b|*, Vala,b)TF, (t,a) + Vi(a,b) T Fy (¢,b) < =20V (a,b), )
forall a,b € R™ and t € R>q, where F), is defined in (3) and where V,(a,b) = 8,V (a,b) and Vi (a,b) = 9,V (a,b).

Furthermore, assume there exist known Agy, Ag2y € R such that

> (|Va a,b) — Vo, (a0 + Vs, (a,b) — Vi, (a’ b)) < A2, ] [ ] , (10a)
i=1 A2n
Z Z (!Vaiyaj (a7 b) - Vaiyaj (a‘/’ b/)|2 + |‘/E7iybj (av b) - %i,b]‘ (alvb/)|2 +2 |Vai,bj (a7 b) - Vai,bj (alv b,)ﬁ)
i=1j=1
a Ptk
< [f] ][ oow
AQn

for all a,b,a’,t’ € R", and where the point-to-set distance |-| 5, is defined in Sec. 1.3. We refer to V (-,-) as an
incremental Lyapunov function (ILF).

11
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We refer to V (-, -) as an incremental Lyapunov function (ILF) because it is a certificate for the incremental exponential
stability (IES) of & = F), (t,x) (the deterministic counterpart of the nominal (known) system (5b)), see e.g., [53,
Defn. 2.2], [11, Defin. 3.3], [101, Defn. 1]. While the sufficiency of (9) for the IES of & = Fu (t, ) is straightforward,
its necessity holds only over compact subsets of the state space [49]. However, the authors in [101] showed that the
existence of the ILF V satisfying (9), which is sufficient for IES of & = F), (¢, ), is equivalent to the existence of
a control contraction metric for the IES system. Thus, the class of ILFs we consider is general enough to represent
certificates for IES of deterministic systems. The use of control contraction metrics (CCMs) [51] directly is a subject
for future investigation.

Remark 2.5 In Lyapunov function-based analysis for stochastic systems, it is common to assume the Lipschitz con-
tinuity of the gradient of the Lyapunov function, see e.g. [38] or [55] for Lipschitz growth on the gradient of the
contraction metric. In a similar vein, the condition in (10a) establishes the Lipschitz continuity of the gradient of ILF
V' with respect to the p01nt -to-set distance || A,, - We choose the point-to-set distance || A, since the IES stability of
a deterministic system is equivalent to the exponentlal stability of its auxiliary version with' respect to the diagonal set
Ay, C R2™ [49, ]. Note that due to [49, Lem. 2.3], (10a) indeed implies Lipschitz continuity with respect to the
standard Euclidean norm. The Lipschitz continuity of the Hessian in (10b) is an additional condition we require. We
highlight the fact that the results in the manuscript hold with |-, replaced by the Euclidean norm |||, albeit with an
amount of additional conservatism.

The next assumption is on the statistical nature of the nominal (known) It6 SDE.

Assumption 3 There exists a known A, € R, such that, for any T € (0, 00), the strong solution X} of the nominal
(known) process (5b) satisfies

b

E l sup || X7(|*° ] <A,
t€[0,T]

for some p* € N>

Remark 2.6 Since we aim to establish the stability of the true (uncertain) process (5a) with respect to the nominal
(known) process (5b), it is a reasonable requirement that the latter satisfies certain properties that represent the desired
behavior that we wish to endow upon the uncertain system.

We conclude the section by stating the assumptions that we place on the true (uncertain) system in (5a).

Assumption 4 (True (Uncertain) System) Consider the unknown functions A, and A, in Definition 1, and define
Al iRxo X R™ = R™, A i Rxo X R" = R™™™, AL : Ryg X R — R™*%, and AJ : Ryg x R — R4 g¢

I:Alt (t,a):| _ [g(t) g(t)J‘]_l A, (t,a), [j:;i ((?,Cclt)):| = [g(t) g(t)l-]_l Ay (t,a), Y(t,a) € Rsg x R™, (11)

where the input operator g is presented in Definition I, and g™ is defined in Assumption 1.

We assume that A}, (t,a), A;; (t,a), A} (t,a), and Ay (t,a) are Lipschitz continuous, locally in a. € R™ and uniformly
int € Ry, and there exist known Al'“ Af;, Al AL € Ryog such that

HAi”’l}(t,a)‘r < (A,{)"l})2 (1+ llal*). HA({,”’”(t,a)Hi < (A({,“il})z (1+ llal ) V(t,a) € Ry x R"

To avoid burdensome notation, and as an implication of the above, we assume that there exist known A, A, € Ry
such that

A, I < A2 (14 l?), A 2 < A2 (14 Jal) ', V(t.0) € Roo x R,

Finally, there exists a known Ay € R0 such that ||;vg||L2p < A, where xg is presented in Definition 2, and p € N is
introduced in Assumption 1.

Remark 2.7 The growth bound on drift uncertainty A, is the standard general linear growth condition. For diffusion
uncertainty A, our analysis can compensate for uncertainties growing sub-linearly; we do not constrain A, to be
uniformly bounded. An implication of this is that the stability of the nominal (known) system in (5b) cannot be
extended to the uncertain (true) system in (5a) via robustness arguments as done in [54, 53]. The £;-DRAC control
can, however, accommodate growing uncertainties under certain conditions as we shall later see.

12
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Similar to the decomposition of A* and A% in Assumption 4, we can decompose the known diffusion term p which
we present below.

Assumption 5 For the known diffusion term p in Definition 1, we define p' : R>g x R* — R™* and p* -
RZO x R" — Rn_de as

I

t,a -1 "

[pﬁ )] =[g(t) 9] p(t.a), V(t,a) € Rxo x R, (12)
p(t.a)

where, we assume that p' and p* are Lipschitz continuous, locally in a € R™ and uniformly in t € R>o.

Due to the uniform boundedness of p in Assumption 1, we assume that there exist known A;'” Aj; € Rs¢ such that
Hp“ (t,a)HF < A;‘,, ||pJ‘ (t, a)HF < A;‘, V(t,a) € R x R™.

For notational simplicity, and in light of Assumptions 4-5, we define the following:
Definition 4 We define functions F) : R>g x R™ — R™ 4 and F+ : R>o x R™ — R"=™* g5 follows:

El(t,a) =p"(t,a) + AL (t,a), Fj(t,a)=p"(t,a)+Ar(t,a), ¥(t,a) € R x R™.

The final assumption we place is related to the stability of the deterministic counterpart of the true (uncertain) system
in (5a).

Assumption 6 The constants \ and o in (9), and the bound Agy in (10a), introduced in Assumption 2 satisfy

(LY ALALA
A> o \2 g By Rav,
where the bounds A;- € Ry and AFJL— € R are presented in Assumptions 1 and 4, respectively.

Remark 2.8 The condition in Assumption 6 ensures that the true (uncertain) system in (5a) in the absence of diffusion
terms (F, = 0) and the matched drift uncertainty Aﬂb = 0, i.e.,deterministic counterpart of the true (uncertain)

system with only the unmatched uncertainty A--, maintains its incremental exponential stability in the presence of Ai—.
The assumption is required since, by definition, the control action cannot “reach” the unmatched uncertainties. This
assumption is similar to Assumption 2 in that it pertains only to the deterministic counterparts of the Itd SDEs that we
consider.

2.3 Problem Statement

We now state the problem we aim to solve in this manuscript.
Problem Statement Consider the closed-loop true (uncertain) Ité SDE, for any T € (0, c0),

dX; = F, (t, X, Uz, +) dt + F, (t, X;) dWi,  Xo =m0 ~ &, Yt € 0, T, (13)

that is induced by closing the feedback loop on the true (uncertain) Ité SDE in (5a) with the feedback process U; =
U, + defined as

Uﬁhti]:ﬁ1 (X) (t)a -F£1 C([O7TLRn)—>C([O7T]7Rm)7 vt € [07T}7 (14)
where Fr, is the £L1-DRAC feedback operator.

We wish to synthesize the L£1-DRAC feedback operator F., such that the following conditions are satisfied.:

Condition 1: The true uncertain process X; exists and is a unique strong solution of the closed-loop true (uncertain)
It6 SDE in (13), for any T € (0, c0).

Condition 2: There exists an a priori known p € R~ such that

X, €7 (X[*O’T], p) = {Probability measures v on B (C ([0,T]; R™)) | D, (XFO’T],V) < p} , VT € (0,00),
15)

where X1 and X% are the true and nominal laws of the processes (13) and (5b), respectively, as presented in Defini-
tion 2. We refer to Y (X5, p) as the uniform ambiguity set of laws on C ([0, T]; R™).
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Figure 2: The architecture of the £1-DRAC controller. The controller has three components: a process predictor with
output Xy, an adaptation law driven by the prediction error X; — X3, and a low pass filter that accepts the adaptive
estimate X, as its input to produce the feedback process U,.

Condition 3: Furthermore, there exists an a priori known R~q > p(T) < p, for any T € (0,T), such that the true
law Xp 1) satisfies

X717 € T (X[*T,T}vﬁ) = {Probability measures v on B (C ([T, T] ;R")) | Wy (XFT_",T]’ V) < ﬁ} . (16)
We refer to T (XFT,T]’ ﬁ) as the uniformly ultimate ambiguity set of laws on C ( [T, T] ; IR”).

Recall that the o-algebra B (C ([0, T]; R™)) is generated by the cylinder sets of the form in (6). Consequently, evalu-
ating the conditions in (15) and (16) for the cylinder {¢, B}, for any (¢, B) € [0,T] x B (R"), implies the existence
of analogous pointwise in time ambiguity sets on B (R™). The conclusion is hardly surprising since the uniform
conditions in (15) and (16) imply the pointwise conditions.

3 L;-DRAC Control

In this section we define and analyze the closed loop true (uncertain) system in (13) with the £;-DRAC feedback
control. We begin with the the definition of £;-DRAC feedback operator F, that we introduced in (14).

3.1 Architecture and Definition

The design of F, is based on the £;-adaptive control methodology [29]. We will design the £,-DRAC feedback
operator ., such that the closed-loop true (uncertain) Ité6 SDE in (13) satisfies the conditions we set forth in Sec. 2.3.
Following the architecture of £;-adaptive control [29], the £,-DRAC feedback operator F, consists of a process
predictor, an adaptation law, and a low-pass filter as illustrated in Fig. 2.

We define the £1-DRAC feedback operator F, : C([0,T] : R™) — C([0,T] : R™), as follows:
]:[:1 (y)ifwofTsof)\s (y), yEC([O,T]:Rn), (I7)
where

¢
Fo (/A\“) (t) = fw/ e A (V) dy,  (Low-pass filter) (18a)
0

Y

A @) =Fr, () () = Y 0ualT)A (1) Lar, isnymyy ),
=0

A ) =Fr., (9,y) (t) = 0n1gp0,1.)} (1) (Adaptation Law) (18b)
e

+ A (1— e/\sTs)i1 Z (XiTS - XiTS) Liir,, (ivnyTa)y ()
i=1
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9(t) =Fx, (y) (t) = solution to the integral equation:

' “ Process Predictor 18
50 = [ (ks (00— 0D + S0 + 900 e, () () + A0 o, for)  (189)

for ¢t € [0, 7], where w, T € R are the control parameters and are referred to as the filter bandwidth and the sam-
pling period, respectively. Additionally, Oqq(t) = [l Om.n—m] g(t)~" € R™ ", where §(t) = [g(t) g(t)'] €
R™*" and here g is defined in Assumption 4.

We perform the analysis to obtain the performance bounds for the £1-DRAC true (uncertain) Ité6 SDE in (13) in two
steps. First, in Sec. 3.2 we introduce an intermediate and non-realizable process that we call the reference process
and obtain the performance bounds between it and the nominal (known) process. Then, in Sec. 3.3 we analyze the
performance of the £1-DRAC true (uncertain) process relative to the reference process. The last step leads us to the
relative performance bounds between the true (uncertain) process and the nominal (known) process via the triangle
inequality of the Wasserstein metric.

We now present the choice of the control parameters w € R+ and Ts € R, the bandwidth for the low-pass filter
in (18a) and the sampling period for the adaptation law in (18b), respectively. Suppose that the assumptions in Sec. 2.2
hold. Then, for arbitrarily chosen ,, € Rso,4 € {1,...,5}, €, € Rsg, and also &, , o, € Ry that are chosen to
satisfy

2 1 1
Kr, € (0,2@1 — )\A1> , Qg € (07a1 — XAZ — 2/<;m> , (19)

define

[N

1
2a,

AL (kr) +

pr = (8% () + 40, (a2Wa (€0,6)° + AL () + 6 )) (202)

=, (20b)

where the constants A7 and A} are defined in (??) and constitute of ,, € Rsq, 4 € {1,...,5}, and the bounds in
Assumptions 1-5. Furthermore, a2 € R+ is defined in Assumption 2, and Wa (£, &) is the 2-Wasserstein distance
between the initial distributions &, and £; of the true (uncertain) process and the known (nominal) process in (5a)
and (5b), respectively.

Remark 3.1 The existence of a x, , and thus an o, that are feasible as per their respective open intervals in (19) is
guaranteed as a consequence of Assumption 6, and the definition of A", € Ry in (??).

The filter bandwidth w € R+ is chosen such that the following conditions are satisfied:

1 T Kry T T
aleALf 5 O > O, (W, k) +O0 (W, Kry), (21a)
vy — AL (Kr) pr — a2 Wa (0, €5)" — AL ()
> 0], (w) + 65, (w) + (8, (w, &r,) + O3, (w, k1)) pr, (21b)

where, the functions @Eumi}’ i € {1,2, 3}, are defined in (2?)- (??).
Remark 3.2 It is evident by their respective definitions in (2?) and (2?) that {©", (w, k,), O} (w, kpy)} € O (L),

for any fixed values of &,.,, K, € R~¢. Furthermore, the choice of ,., and . in (19) implies that

1 ”
TAT - ””; — > 0.

Hence, one can always choose an w € R+ such that the condition in (21a) is satisfied.

o —

Additionally, the definition of p, in (20a) implies that it is the positive root of the quadratic equation a,.p? —
AT (k) pr — asWa (£0,88)° — AT (k) — €, = 0. It is trivial to verify the positivity of the discriminant of this
quadratic equation, and that it admits a negative and a positive root, the latter of which is p,. Since €, > 0, the fact
that o p? — AL (k) pr — aaWa (&, 55)2 — A” (k) — € = 0 leads us to the conclusion that

arp} = AL () pr = a2Ws (€0, 65)° = AL () > 0,
Therefore, we can always choose an w € Ry that, in addition to (21a), also satisfies (21b) since
{6}, (w),0r (w),0},(w, K, ),00, (w, k) } € O (%), for any fixed values of &, , k., € Rsq, as evidenced

by their respective definitions in (??) and (??).
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While the choice of k., € Rsg, ¢ € {1,...,5}, and €, € R+ is permitted to be arbitrary, any particular choice has
consequences on the tradeoff between the performance of the £1-DRAC true (uncertain) process and the robustness
in terms of aggressiveness of the input Uz, . We discuss such consequences in Sec. 4, along with the fundamental
limitations of the closed loop processes, further considerations regarding the effects of the uncertain vector fields on
the performance, and the interpretation of the performance bounds of £;-DRAC as a generalization of the £, adaptive
control’s performance for deterministic systems, e.g. in [102, 103].

3.2 Performance Analysis: Reference Process

We begin with the definition of the reference process.

Definition 5 (Reference Process) We say that X[, t € [0, T, for any T € (0, 00), is the reference process, if X is a
unique strong solution to the following reference Itéo SDE:

dX{ =F, (t, X, U] )dt + F, (t, X])dW;, Xg =z~ &, YVt €[0,T], (22)

where the initial condition £ ~ Xq and the driving Brownian motion Wy are identical to those for the true (uncertain)
process in (13) (and (5a)). The reference feedback process U is defined via the reference feedback operator F, as
follows:

Ul =Fr (X7)(8). Fo(X") = Fo (M, (X)) + Fivw (F) (5 X7), W), te(0,T], (23)

where the operator F,, is the low-pass filter defined in (18a), the vector field F\! is introduced in Definition 4, and
t
Fnw (B3 (X7, W) (8) = Faw (0" (LX) + AL (LX), W) () = —w / e IR (y XY AW, (24)
0

Moreover, the functions A}, (t, X]) € R™ and A}, (t,X]) € R™*% are defined in Assumption 4, and p" (t, X}) €
R™* is defined in Assumption 5.

Finally, similar to X[ 1 and X[*O’T] in Definition 2, we denote by X[TO,T] the reference law (path/trajectory probability
measures) induced by the process path Xy on B (C ([0, T];R™)), i.e., X5 1y ~ X[g 7)-

Remark 3.3 The reference process is obtained by closing the loop of the true (uncertain) process in (5a) with the
feedback process U] that is composed of the filtered matched drift uncertainty F, AL‘L (-, X™)t and the filtered totality
of the matched diffusion vector field F, N,wP” (X")+ Aj; (-, X)), Wt expressed as an Itd integral with respect to
the driving true Brownian motion. Thus, the reference process is non-realizable since, by definition, we do not have
knowledge of the epistemic uncertainties A, and A, and the aleatoric uncertainty . The reference process represents
the best achievable performance since it quantifies, as a function of the low-pass filter bandwidth w, how the system
operates under the non-realizable assumption of perfect knowledge of the uncertainties.

Remark 3.4 In addition to the epistemic and aleatoric uncertainties A,,, A, and W, the reference feedback process U;’
also includes the known diffusion term p (-, X”) in its definition. Therefore, the reference feedback process U, further
attempts to remove the effects of the known diffusion term p (¢, X]') from the reference process X . The reason for
the inclusion of the known diffusion term p is that due to the state-multiplicative nature of the term p (¢, X}) dW;, one

cannot in general disambiguate the effects of the known term p (¢, X;) from the total uncertainty fot A, (v, X)) dv +

fg (p (v, X))+ Ay (v, X)) dW,,. Importantly, the design of the reference feedback process U] with the included

known diffusion term p (¢, X]) leads to the subsequent £1-DRAC feedback operator F, with important desirable
implications that we will discuss later.

For the performance analysis of the reference process with respect to the nominal (known) process, we define the
following:

Definition 6 (Joint Known (Nominal)-Reference Process) We say that Y, t € [0,T), for any T € (0, 0), is the joint
known(nominal)-reference process, if it is a unique strong solution of the following joint known(nominal)-reference

Ité SDE on (Q, F, o+ x Wg 4, [P’) (see Definition 2 for the filtrations):
dY; =G, (t,Yy) dt + Go (t,Y7) dW,, te[0,T], Yo=yo~C, Yio,71 ~ Yo,17 (25)

where
T

. | To 2n X omn = . Wt od . .
Yo = |:.’£6:| eR™, V= |:Xz*:| eR, W, = |:Wt*:| e R, CO = 7o, Y[O,T} = To,17
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. [E, (t, X7, Ur . (R, (4, XT O, N
GH (tn) = |: H};‘i('u (tvfx't*)t ):| S R2 ’ GG’ (t7}/t) = énd t) Fa‘ (Z d){;) S IRQ X2d7

and where T and 7|y ) denote arbitrary couplings [25, Chp. 1] of the initial condition distributions &y and &5 on
B (RQ”) and the laws XEQO,T] and X[*O7T] on B (C ([O, TJ; [R2”)), respectively.

We do not a priori assume the existence and uniqueness of strong solutions X; and X of (5b) and (22), respectively.
Instead, we will establish the well-posedness and the other desired results using the Khasminskii-type theorem [ 100,
Thm. 3.2]. For this purpose, we will require a truncated version of (25) so that we can build local solutions and extend
them to the global solution using a limiting procedure.

Definition 7 (Truncated Joint Known (Nominal)-Reference Process) We first define

Uy ={aeR® : |a] < N} CCR®™, VN € R, (26)
where CC R?" denotes compact containment in R?™ [104, Sec. A.2]. Next, we define the truncated joint
known(nominal)-reference Ito SDE as

dYn;: =GNy (6, YNg) dt+ G (8, YN AW, Yo = Yo, 27

where, the process and the drift and diffusion vector fields are defined as
Gu(t,a)(Gy(t,a)), lal <N
02n (O2n,2d) ) HaH > 2N 7
forany G, (t,a) and G, (t,a) that are uniformly Lipschitz continuous for all a € R®™ and t € Rx. Similar to
Y;, we referto Y + € R?" as the truncated joint known(nominal)-reference process if it is a unique strong solution

of 27).

An example of explicit construction of functions of the form Gy 1, +} can be found in [93, p. 191].

T

X
Vo= 3| G0 G ) =

t

Y(a,t) € R*" x [0,T),

With the setup complete, we start the analysis of the reference process by first establishing the existence and uniqueness
of strong solutions of the truncated joint process.

Proposition 3.1 (Well-Posedness of (27)) If Assumptions 1 and 4 hold true, then for any N € Rxo, Yy ; is a unique
strong solution of (27), ¥t € [0, T, for any T € (0, 00) and is a strong Markov process ¥t € R>.

Furthermore, define

TNiT/\in{tG[O,T] : YN,t¢UN}a (28)
where the open and bounded set U is defined in (26), for an arbitrary N € R~ . Then, Yy + uniquely solves (25), in
the strong sense, for all t € [0, Tn].

Proof. See Appendix C. [

Next, we derive bounds on the uniform in time moments between the truncated versions of the reference and known
(nominal) processes.

Lemma 3.1 Let the assumptions in Sec. 2.2 hold. For an arbitrary N € R, let the stopping time Tn be as in (28)
for the truncated joint process in Definition 7. For any constant t* € R~ define

T =t"A1N, T(t)=tATT, (29)
and let 70 = 7Y% be the finite-dimensional distribution of the coupling T(o,) @t the time instant T* under the condition
YN’O = %Yo P-a.s..

Then, for the truncated joint process Yy ; = (X]V,t, XXM) in Definition 7, the following holds:
7T0 0
T

", (30)
P

L .
sup PNV (vy,) V(o) + || (2 (. vw)

L
(20 i)
te[0,7*] p

< HewT*

T* T

p
p

where H||:)TS denotes the norm on Ly (7¥%) under the probability measure ©*% on B (R*"), and V (Yn,;) =

\% (X;[’t, XI*V)t) is the incremental lyapunov function (ILF) defined in Assumption 2. Furthermore,

7(t)
=7 (r(t), Yv) = /O N (6 (v, Y ) dv + 5. (1, Yor) WS + &% (v, Yv,) AW, |
31)

7(t)
=5, (7(8), Yivs ) = / UL (r(t), v, Yo w) dv + U (7 (2), v, Yiys ) W)
0
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where
o (1 Ynw) = Vi (Yaw) g0) A (0, X5 ,) + §Tr [Hy (v, Yiv,) V2V (Yao)]
O, (YN = Ve (V) B (n,X2), 64 (nYno) = Vi (V) ) FF (v, XY,), @2
U (7(1), v, Y w) = 0" (r(8), v, YN)AL (1, X5,) . UL (7(8), 0, Ynsw) = o7 (7(1), v, YN E) (v, X5 ,.) |

and

W (7 (), 1, Vo) = =

2\ —w

w(T v)pr T wv T
(e COHIDT (r(1), 1) — PATOFDIY (Y ) g(T(t)))

2\
(wr(t)+2Av) T 1xm
o Vi (Yno) g(v) e RP*™. (33)
In the expressions above, we have defined V,. = VX;»HV eR™ V, = VX;“V cR™ H, = G(,G;r € S?" and

Pr(r(t),v) = / "

v

Py [V, (Yiv) " g(8)] € R™, 0 <w <), (34)
where dg [-] denotes the stochastic differential with respect to j3.

Proof. We prove the hypotheses of the lemma only for yo € Uy, since for when yo ¢ Uy, 7v = 0, and thus
7* = 7 = 0. Therefore, the bound in (30) is trivially satisfied when yo ¢ Uy, 7v = 0. Hence, the proof of (30) for
yo € Uy implies the result for all 35 € R?",

Since t* is a constant, the fact that 7y is a stopping time implies that 7* is a stopping time as well [95, Sec. 6.1]. Addi-
tionally, from Proposition 3.1, we know that Y ; is a unique strong solution of (27), for all ¢ € [0, T]. Consequently,
the assumptions on the regularity of the vector fields in Sec. 2.2 imply that the vector fields Gy ,, and G -, that define
the truncated process (27), are uniformly bounded and globally Lipschitz continuous on R2™. It is thus straightforward
to show that Y}y ; is a strong Markov process by invoking [100, Thm. 2.9.3]. Hence, the process Yy . (;) obtained by
stopping the process Yy ; at the first (random) instant it leaves the set Uy or when ¢ = ¢* is a Markov process and

is well-defined [47, Lem. 3.2]. We may then apply the Itd lemma [100, Thm. 1.6.4] to 2™V (YN,T(t)) using the
dynamics in (27) to obtain

(1) () .
OV (Yn-) =V (o) + 2X / NV (Yn,,)dv + / MYV (Ya,) ' Gno (v, Yn,) dW,
0 0

7(t) 1
+ / 62)\1/ <VV (YN,V)T GN,/J. (1/, YNJ,) + §TI' [HN,U (V7 YN,V) V2V (YN,V)]> dl/7
0

for all t € R>g, where Hy » (v, Yn,) = GNo (1, YN,) GN,o (V, YN}V)T. Next, from Proposition 3.1, Yy is also
unique strong solution of (25), for all ¢ € [0, 7*] because [0, 7*] C [0, 7v]. Therefore, we may replace G ., GN,o»
and Hy , with G, G, and H,, respectively, in the above inequality and obtain

() () e
OV (Ynr) =V (yo) + 2X / MV (Y ) dv + / VYV (Yao) ' Go (v, Yn,) dW,
0 0

T(t) 1
+ / 62)\1/ (VV (YN,V)T G[L (I/7 YN’V) + §TI' [Ho' (1/7 YN,I/) VQV (YN,V)]> dl/u
0

forallt € R>o, where H, (v, Yy ) = Go (v, YN ) Go (v, YNW)T. Substituting the expressions in (C.9a) and (C.9b),
Proposition C.1, for the last two terms on the right hand side of the above expression and re-arranging terms leads to

e2>\7’(t) 174 (YN,T(t) )

7(t)
<V (yo) + / N (1 (1, Ya) dv + &5 (v, Ye,) AW + 6L (v, Yur,) dW,)
0

7(t)
[ ([ 00w + 6 (Vo) v 61 (Y )W) . VEE Rsa G9)
0
where
QSL” (V7 YN,V) = ‘/T (YN,V)T g(V)AJL (Vv X}n\/',t) ) QSZH (Va YN,V) = ‘/T (YV)T g(V)Fg (Vv X;V,u) )
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(b;] (Va YN,V) - V;" (YYN,V)—r g(V)U;

Next, we use Proposition C.2 to obtain the following expression
(t)
/ e ([0 (0 Yiva) + 6 (0 Yivw)| dv + @50 (v, Yov) AW, )
0
7(t) \ 7(t) \
— [ (o Y+ 6, Y ot [N (6 (4 Vi) + 6, (1 Vi) AW,
0 0

) A
+/ (Z/IT(T(t),V,YN;w)dV—FL{;(T(t),mYN;w)dWl,), Vt € Rsq, (36)
0

“w
where
U, (r(t), v, Yiv; w)
—wT w wT Is AT T wv Al T
=e (t)m (e ®p (t(t),v) — 2y, (YN,T(t)) g(T(t))) eV A, (1/, XN,V) ,
Uy ((t), v, Yns w)
_ efw-r(t) w (6wr(t)73r (T(t) V) _ 62)\T(t)Vr (YN . )Tg(’?'(t))) equ\l (l/ X]T;/ )
2\ — w ’ (1) o ) )

d)?]u (v, Yn.u; w) = Vr (YN,V)—r Q(V)ALL (Va XJT;f,u) )

Y
2\ —w

O (1, Y, w) = Vi (Yn,) g)F) (v, XK,) -

v
2\ —w

Using the definitions of gb:” and ¢” , in (35), we obtain

]
2
A —w
2\
2\ —w

¢;H (Va YN,V) + (eru (V7 YN,V;W) V!‘ (YN,V)TQ(V)ALL (Va X]T;/,y) )

O (1, Yn) + O, (1, YN w) = Vi (Yaw) ' gW)EY (v, XY,) -

Substituting into (36) thus produces
T(t) "
/ e2 v ([(;56 (v, Yno) + ¢ (v, YNW)} dv+ ¢l (v, YN ) dWl,>
0

T(t)
= e / (U, (r(0), v, Yivsw) dv + Uy (r(t), v, Yasw) dW,) , -Vt € Rxo,
0

where U}, and U, are defined in (32). Substituting the above expression for the last integral on the right hand side
of (35) and using the definitions of =" and =7, in (31) yields the following bound:

ey (Ynrw) SV (yo) +E" (7(2), Yn) + e TR (7(t), Yv;w), Vi€ Rso,
which in turn produces
eBITITOV (Y (1) < 7OV (yo) + T WE (7(1), Yiv) + Fy (7(t), Yiviw), VEERz0,  (37)

Taking supremum on both sides over the interval [0, 7*] then produces

sup {e(”‘“’)tv (YN,t)} <e“TV (yo) + €T sup |ET (L YN)|+ sup |Z) (4 Yaiw)|. (38)
tel0,7*] te[0,7] te[0,7*]

Then, the bound in (30) is established by invoking the Minkowski’s inequality and thus concluding the proof.

3.3 Performance Analysis: True (Uncertain) Process

We now consider the true (uncertain) system in (5a) operating under the £;-DRAC feedback law F., defined in (17),
Sec. 3.1.
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Definition 8 (True (Uncertain) £;-DRAC Closed-loop Process) We say that Xy, t € [0, T, for any T € (0, 00), is the
true (uncertain) L1-DRAC process, if X; is a unique strong solution to the true (uncertain) Ité SDE in (52) under the
L1-DRAC feedback law F, in (17):

dXy =F, (t, Xy, Uz, 1) dt + F, (t, X)) dWy,  Xo = x0 ~ & (P-a.s.), (39)
where

Ugit = Fr, (X) (¢). 40)
The L£1-DRAC feedback operator Fr, : C([0,T] : R™) — C([0,T] : R™), is defined in (17), which we restate next.
Using the definition in (17) that
Fr, (X) = F,oFr, o Fa, (X),

which we can re-write as

Ug, = F., (A”) . A =Fl (A) . A= Fp (XX) , X =F(X). (@1)
Using (18a), we see that the input U, ; is defined as the output of the low-pass filter:
t
Usso = Fo (M) () = —w / e AN (1) d, 42)
0

where w € Ry is the filter bandwidth. The adaptive estimates A" and A are obtained via the adaptation law operator
Fr, (Fy.,) in (18b) as follows:

N
A @) =74, (A) () = 3 0aaGT)A () Tger, 1ymyy (1)
=0

At =Fr, (%, X) (1) (43)
L)
AT —1 o it . g
=0,1¢01.)y (8) + As (1 —e™7%) Z X, L, (v )y (8),  Xim, = Xim, — Xum,,
i=1
where T, € R is the sampling period and © ,4(t) = [lm Opmn—m] g(t) " € R™ ", with g(t) = [g(t) g(t)*] €
R™ ™ for g defined in Assumption 4. The parameter Ay € R contributes to the prediction process X, as a
parameter to the operator Fy_ in (18c) which induces the process predictor as follows:

X, =F, (X)(t) = X; = /O (—/\SunXV + f, X)) + g(W)Fey (X) () + A (u)) dv, X;=X,—X;. (44)

We collectively refer to {w,Ts, \s } as the control parameters.

Finally, in Definition 2, X[o 1] denotes the true law (path/trajectory probability measures) induced by the process
path X[O,T] on B (C ([O, T], Rn)), ie., X[O,T] ~ X[O,T]-

Our goal in this section is to establish the performance of the £;-DRAC closed-loop true (uncertain) process in (39)
relative to the reference process in Definition 5. Thus, similar to the joint known(nominal)-reference process in
Definition 6, we define the following:
Definition 9 (Joint True (Uncertain)-Reference Process) Consider the reference process X [TO T~ X{O 7] in Defini-
tion 5. We say that Zy, t € [0,T), for any T € (0, 00), is the joint tue (uncertain)-reference process, if it is a unique
strong solution of the following joint true (uncertain)-reference Ité SDE on (Q, F,20, ,,P) (see Definition 2 for the
filtrations):

dZt - JN (t, Zt) dt + Jo- (t, Zt) th, t 6 [07T]7 Z() - ZO ~ C(), Z[O,T] ~ Z[O,T]7 (45)
where

: n . X n L P
20 =1y ®x9 €R™, Z, = {XE] ER®, (o =70, Zpo1=701)

B FH (t,Xt,UL ,t) on .| Fy (t,Xt) 2nxd
JH (t, Zt) = |: EL (t,X;‘,U}) eR 5 Jo’ (t7 Zt) - Fo- (t,X}:") eR )

where ® denotes the Kronecker product and xo ~ &y is the initial condition for the true (uncertain) process in
Definition 2, and restated above in Definition 8. Therefore, Ty denotes the trivial self-coupling of the initial condition
measure & [105]. Moreover, o, 1] denotes the arbitrary coupling of the the laws X o] and X[TO 7] (see Definition 5)

on B (C ([0, T]; R?™)), respectively.
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Remark 3.5 The definition of the joint process above between the true (uncertain) process and the reference process
is not a direct analogue to the joint known (nominal)-reference process in Definition 6. The reason is that the true
(uncertain) process and the reference process are driven by the identical Brownian motion W, and share the same
initial condition xy ~ &y. This is in contrast to the joint known (nominal)-reference process in Definition 6, where the
known (nominal) process and the reference process are driven by independent Brownian motions W and W, and have
different initial conditions xo ~ &y and x5 ~ &g, respectively. Recall our discussion in Remark 3.3 that the reference
process is not-realizable and represents the best achievable performance, and thus we designed the reference process
to be driven by the identical Brownian motion and share the same initial condition as the true (uncertain) process.

As in the case of the reference process, we establish the well-posedness of the true (uncertain)-reference process in
Definition 9 using the Khasminskii-type theorem [100, Thm. 3.2]. Therefore, similar to the truncated joint known
(nominal)-reference process in Definition 7, we require the following:

Definition 10 (Truncated Joint True (Uncertain)-Reference Process) Recall the definition of the set Uy CC R?"
in (26) which we restate below:

Uy = {a €R™ : |a]| < N} CCR*, VN € Rs,. (46)
Next, we define the truncated joint true (uncertain)-reference Ité SDE as
AdZny=JINu (G Zng) dt+ INe (8, Zn) AWy, Zno = Zo, 47

where, the process and the drift and diffusion vector fields are defined as

Ju(ta) (Jo (t,a)), ol <N

. Y(a,t) € R*™ x [0,T],
02n (OQn,d) ) ||CL|| Z 2N ( ) [ ]

t

X
Zna= [0 w00 O ) =

forany Jn , (t,a) and Jy , (t,a) that are uniformly Lipschitz continuous for all a € R*™ and t € Rx. Similar to
Zy, we refer to Zy 1 € R*™ as the truncated joint known(nominal)-reference process if it is a unique strong solution

of (47).

We begin by establishing the uniqueness and existence of strong solutions for the truncated joint true (uncertain)-
reference process.

Proposition 3.2 (Well-Posedness of (47)) If Assumptions I and 4 hold true, then for any N € R, Zn . is a unique
strong solution of (47), ¥t € [0, T, for any T € (0, 00) and is a strong Markov process ¥t € R>.

Furthermore, define

7 =TANinf{t €[0,T] : Zn. ¢ Un}, (48)
where the open and bounded set U is defined in (46), for an arbitrary N € R~. Then, Zy 1 uniquely solves (45), in
the strong sense, for all t € [0, Tn].

Proof. See Appendix D. O

Remark 3.6 Recall that 7 in (28), Proposition 3.1 denotes the first exit time of the process Yy ; from the set Uy.
Similarly, with an abuse of notation and from this point onward, 7, in (48) denotes the first exit time of the process
Zn ¢ from the set Uy.

Next, we study the uniform in time bounds on the moments of the truncated joint true (uncertain)-reference process.

Lemma 3.2 Let the assumptions in Sec. 2.2 hold. For an arbitrary N € R, let the stopping time Tn be as in (28)
for the truncated joint process in Definition 7. For any constant t* € R~ define

™ :t*/\TN, T(t) :t/\T*, (49)

and let 70 = 729 be the finite-dimensional distribution of the coupling T(0,) @l the time instant T* under the condition
Zno = zg P-a.s..

Then, for the truncated joint process Zn = (X Nt X}\ﬂt) in Definition 10, the following holds:

~0

s
* —

7\'(J

=0
™ *

sup {e(QHM)T(t)V (ZN,T(t))} v (z0) + He“”* (5 ( ZN))

< HewT*
te[0,7*]

p 1lp

P

70 70
+ ) [

p

e (Ea (-, ZN>)

T*
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where ||H§8 denotes the norm on Ly (T2%) under the probability measure 2% on B(R®"), and V (Zn,) =

T

\% (X Nt X{V’t) is the incremental lyapunov function (ILF) defined in Assumption 2.

Furthermore,
) 2
6023 = [ (0004 Zxa) + b0 (0. 2w W),
0
- T(t) ~
Ey (r(t), Zn) = / MU (v, Zy ) dv, (51)
0
7(t)
Su (1(t), Zn;w) =/ Uy (7(8), v, Zns w) dv + Uy (1(t),v, Zyiw) dW,) |
0
where

bu (1, Zn0) =YV (Zn,) | (I @ g(v)t) (Ay ©Zn) (v) + %Tr (Ko (v, Zn0) VPV (Zno)]

(52a)
b0 (1, Zn0) = VV (Zno)" (e @ gw)b) (FF © Zn) (v),
Uy ((t),v, Zn;w) = (1), v, ZN) (A, © Zn) (v),
Uy (T(t), v, Znsw) = p(1(t), v, Zn) (Fy ® Zn) (v), (52b)

(
U, Zn,) =V (Znw)" gv) (Fz, — F) (Xn) (v),

and

B(r(t),v, Yy) = (e“’(T(t)"’”)P (r(t),v) — PO gy (70 N (@ g(T(t))))

2\
2\ —w

In the expressions above, we have defined V. = Vx, V € R", V. = VX;MV eR™ K, = J(,.J;— € S?", and

20— w
eCTOIPIGY (Zy )T (@ g(v)), € RV (53)

7(t)

P (r(t),v) = / ePA=Bag 1VV (Znp) " (lo® g(B))| dB € R¥2™, 0 < v < 7(t), (54)

v

where dg [-] denotes the stochastic differential with respect to (3.

Proof. As in the proof of Lemma 3.1, we consider zy € Uy w.l.o.g., and apply the Itd lemma [100, Thm. 1.6.4] to
e> ™V (Zy +(+)) using the dynamics in (47) to obtain

®

7(t) T
OV (Zn r) =V (20) + 2X / ANV (Zy ) dv + / ENYV (Znw) " Ine v, Zn,) AW,
0 0

7(t) 1
+/ e (vv (Znow)" Iny (v, ZN ) + 5Tr [Kn.o (v, Zn,y) VPV (ZN,,,)]) dv,
0

for all t € R, where Ky o (v, Yn.) = Jn.o (U, Yaw) N (1, Ya) . Next, from Proposition 3.2, Zy 4 is also
unique strong solution of (45), for all ¢ € [0, 7*] because [0, 7*] C [0, 7w|. Therefore, we may replace Ju ., Jn o,
and Ky , with J,, J,, and J,, respectively, in the above inequality and obtain

() T(t)
OV (Zyr) =V (20) + 2X / NV (Zy ) dv + / NV (Znw) ' Ty (v, Zn) dW,
0 0

T(t) 1
+/ 2w (VV (ZN,I/)T J. (v, Zn ) + iTr (Ko (v, ZN,) VPV (ZN,V)]) dv,
0

for all t € R>q, where K, (v,Zn,) = J, (V,ZNn,y) J5 (v, ZN7,,)T. Substituting the expressions in (D.17a)
and (D.17b), Proposition D.1, for the last two terms on the right hand side of the above expression and re-arranging
terms leads to
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62)\7'(15) %4 (ZN,T(t) )

<V (2) + /OT(t) e ([% (v, Zn.) +U (v, ZN,V)} dv + éo (v, Zy.) dW,,)

7(t)
+ / 62)\1/ ([d)U (1/, ZN,V) + (ZSMH (l/, ZN,V)] dv + ¢Ull (I/, ZN,V) dWV) , Vte Rzo, (55)
0
where

b1 (1, Zny) = VV (Zn,) | (e @ g(v) (A, © Zy) (v),
b0t (1, Zn0) = VV (Znw) | (k@ g(v) (F) 6 Zn) (v),
ov (v, Zn) = VV (Zn,) " (b ® g(0) (Fr © Zn) (v).

Next, we use Proposition D.2 to obtain the following expression
(1) \
/ N ([pv (v, Znw) + G (v, Znw)] dv + ¢pi (v, Zy ) dAW,)
0
7(t) (t)
= / 62)\11 ((b/l,u (Vv ZN,V) + ¢)U}L (V, ZN,I/; w)) dv + / 62)\1/ (¢a” (Va ZN,U) + ¢UU (Vv ZN,U; OU)) qu
0 0

7(t) .
[ (U (0,0 2 ) o+ U (r(8), 0, Znieo) AW, ) . ¥t € Rs, (50
0

where
v . _—wr(t) Y wr(t) _2ar(4) T
Uy (7(8),v, Zyiw) = 70 =2 (TP (1(8),) = VOVY (Zy i) | (2 © 9(7(1))))
x e“” (ALL ® ZN) (v),
9 —wT w wT T T
Uy (T(t), v, Zn;w) =€ (t)m (6 ®Op (r(t),v) — AT Y (ZN,r(t)) (I ® g(T(t))))

x <" (Fﬁ O] ZN) (v),
VV (Zn,) " (2@ g(v)) (Al © Zy) (v),

w
2N —w
. w

T\ —w

bu, (v, Znyiw) =

ou, (V, ZN i w)

VV (Zn,)' (2@ g(v)) (F)© Zy) (v).

Using the definitions of ¢, and ¢, in (55), we obtain

G (V, Znw) + du, (V, Zyiw) = 2/\2i ~VV (Zny) " (12 ® g(v)) (A, © Zn) (v),
Oo1 (W ZNpw) + U, W ZNpyiw) = 2/\2i\ wVV (ZN#,)T (Io ® g(v)) (Fg ® Zn) (v).

Substituting into (56) thus produces
7(t) \
/ e ([pv (v, Znw) + b0 (v, Znw)] dv + ¢p1 (v, Zy ) dAW,)
0

7(t)
_ o) / Uy, (7(8), v, Zns ) dv + Uy (7(t), 1, Zogs ) dW,), Vi € Rso,
0

where U,, and U, are defined in (52). Substituting the above expression for the last integral on the right hand side
of (55) and using the definitions of =, =, and =, in (51) yields the following bound:

OV (Zy r) <V (20) +E(7(t), Zn) + Eu (T(t), Zn) + e "5y (1(t), Zn;w), Vi€ R,

which in turn produces

ePHITOV (Zy 1)) < "DV (20) + e“TOE (7(1), Zn) + "Dy (1(t), Zn) + Eu (7(1), Zn;w)
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or all ¢ € R>¢. Taking the supremum on both sides over the interval [0, 7*] then produces

sup [ePrer@y (ZN,T(t)):| <e“7'V (20)
tel0,7*]

+ e (E(}ZN))T* + ¥ (Eu ("ZN))T* + (5u ('7ZN))

The proof is then concluded by invoking the Minkowski’s inequality to obtain (50).

T*

4 Discussion

Appendices

A Constants

In this section we collect cumbersome constants we use throughout the manuscript. The subsequent definitions use
the the constants A,y defined in Assumptions 1-5 in Sec. 2.2.

We begin by providing the definitions of constants and maps bespoke to the analysis of the reference process in
Sec. 3.2.

A.1 Reference Process Analysis

We begin with the definition of constants 3’“, 35, Eg, 32, and AZH that are used in Proposition C.7, Appendix C:

AT =Ngy 285 +A,) (1+A) + Apey (A2 + A2 (1+A,)), (A.1a)
AL =2A, + Ay (14+A,)% (A.1b)

NG n A'Aav
AL = \/gAg (Aov (Ap +AL) + Apay A2) + QT (A.1c)
Af=Ap+A, (144,07, Ap =Al Al (14+4,)%. (A.1d)

Next, we define the constants A7, A%, A%, Af, A In addition to the constants A(,) defined in Assumptions 1-5 in
Sec. 2.2, the following also use the constants in (A.1) above. We first begin with A7 , i € {1,...,5}, that are defined
as follows:

A AL A,
AT = TR (14 AL VV(0,0)] + Vnloy (242 + A2 (1+A,)), (A.2a)
1 2 4\/§
Az, =205 [aF (AF + AL+ a0F) +4,] IVV©.0), (A2b)
A7, =28, [(1+V23p) AL (1+A0) + V23 (A + AL (1+ 40 1) | IVV(0,0)]
A VAAAT A,
+—E 1+ A, 9L 1 9 |VV(0,0)]| + v/2npA,A
A2A
+\/Zp g)\ 3V( H) (1+2A2),
1 Apy AL 1
AT, =4, <2mf IVV(0,0)]| + (2np*(4p — 1)) * % ) (ah+ala+a,?)
, (A.2d)
2p—1\2 1 n, -~ 1
3 _ had r . I I 5
(P2 o (8B + 85V (8)+aba+ 203,
n A A ~ 2 2
A£5=\£ PSP [VmBGAG, + P2 2e = 1A, (A1) + (A0 (1 +40)]. (A2¢)
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Next, we define the constants A7, , i € {1,...,4}, as follows:

AL, =2/pAS AL [VV(0,0)],
2
AT, =2A,/22p[IVV(0,0)] A} + WAgAavAUA; 1+A,),
r 32p—1 %A‘[‘; NN I
AL, = (PP ) 57 (V5 26AT + 285 [FV0.0)] ) +2my/26A, [VV(0,0)] AL

+ (2np”(4p ~ 1)) Agffv [Apal+a, (Al+al+a0)],

r mn A Aav NG IAr
AT, =[R2 (8,47, + ALAY).

The constants A7, , i € {1,...,5}, are defined as:

A Al A AavAl ’I’LA AQ
A, = SR [TVO.0) + SR (14 A+ VS,
A%, =200y (AF (AF +AF(1+A)7) +4,),
r Il AZ&%
A, = V22, [VEIVVO,0) + Aoy (1 +A.)] (14 v20) + =52 (14 4.)

_|_

VAL 2v2h 2V
+2/2pAgAav (AL + AL (1+4,)F),

. 2 —1\% AT .
AL, = (2mﬁA9A3V + (p3 3 ) 2;) (AQ+AL‘,(1+A*)2)

3 AgAavAgA(HT
\/X )

nAgAgy A
b = |/ 2R (VA + (2 18,0

Al AAT A, .
—~ (ﬁ I—L + =2 |[VV(0,0)[| + v/2npAyAgy Aj

+ (2np3(4p — 1))

while the constants A@"&_, i €{1,...,3}, are defined as follows:
& = V2pAsv A AL,
n
e = V2P Mgy (\/2AA1, + \/:AJAL> ,
1 ~
2p — 1\ 2 AL
Ap, = Al <2mﬁAgAaV + <p3 P 5 ) 2;) :

Finally, we define the constants Af, , 4 € {1, 2}, as follows:

A _ DoBovd;
®1 2\/§ ’
AAL\ Aj
AT, = Ay |V2A,0v (1 +/2p + ﬁp;“) + 2;] :

B Technical Results

(A.3a)

(A.3b)

(A.3c)

(A.3d)

(A.4a)

(A.4b)

(A.4c)

(A.4d)

(A.de)

(A.5a)

(A.5b)

(A.5¢)

(A.62)

(A.6b)

We begin with the following result that is a multidimensional version of the stochastic integration by parts formula

in [100, Thm. 1.6.5].
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Lemma B.1 Consider any L € MY* (Rle'|St) and S € My* (Rl'mqgt), Sfor some filtration §; on (Q, F,P).
Then, for any n,-dimensional §-adapted Brownian motion (), we have that

/ / dQBdV—/ / v)dpdQ, € R, (B.1a)
/ / B)dQpdv = / / v)dBdQ, € R, (B.1b)

Proof. We provide a proof for (B.1a) only since (B.1b) can be established mutatis mutandis. We begin by defining

L) = / L(B)dB e R™X' | ¢ € Ry, (B.2)
0

As a consequence of the above definition, we have that

forallt € 0,T).

t t R ,
/L(ﬁ)dﬁ:/ L(B)dB — / BYdB = L(t)— L) eR¥Y, 0<v<t<T. (B.3)
v 0

Using the expression above, we may write the right hand side of (B.1a) as

/ / V)ABdQ, = /0 t ( / tL(ﬁ)cM) SW)dQ, = /0 (L0 - L) SdQ, < R,

which can further be re-written as

/ / V)dBdQ,

:/0 [(Ll() L)) S0)dQ, - (il(t)—il(y))s(y)dQ,,]T

—Z/ — Lia(v )) S;(V)dQ, - (ﬁl,i(t)—ﬁl,i(y)) s,»(u)dQu}T eR!, (B.4)

where Ly...; € R™ and 8. € R' " are the rows of L(-) € R™*" defined in (B.2) and S(-) € R!*"a,
respectively. Next, we define the following scalar Itd process:

:/tsi(g)ng, dS;(t) = S;(t)dQ,, te€0,T], S;(0)=0, ie{l,...,I'}. (B.5)
0

Using this definition, we derive the following expression:

/Ot (£3(t) = L)) Si(0)dQ, = /O (Balt) ~ £3:()) dS:(0)

= Lia(HS:(t) - / L;()dSi(v). (B6)
for (j,i,8) € {1,..., 0} x {1,...,I'y x [0,T].

It is clear that ﬁj’i(t) is §¢-adapted due its definition in (B.2) and the assumed adaptedness of L. Moreover, we may
write L; ;(t) = IA/jl(t) — ﬁ]_l (t), where
0, otherwise

Lr@)t(s) = {ﬁm(f) = Jo Lj.i(s)ds, if Lji(t) >0, 7

0, otherwise

Li(t)= {_zﬂﬂ'(t) = — Jo Lyi(s)ds, if Lji(t) <0,
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that is, IA/JF ;(t) and ﬁ* ,(t) are the positive and negative parts of ﬁj’i(t), respectively. Then, since both I:jl (t) and

L7 i ;(t) are increasing processes, we have that LJ i(t) is a finite variation process [100, Sec. 1.3]. Therefore we may
use the integration by parts formula [100, Thm. 1.6.5] to obtain

/Ot ()8 () = /S

where the last integral is a Lebesgue-Stieltjes integral. Substituting the above equality into (B.6), we obtain
t t
| (L300 - £5:0)) 8,010, = Lys)3i0) - [ L3s0)a5,0)
0 0

:/0 S;(v)dL;i(v), (jyist) € {1,...,0} x {1,...,I'} x [0,T]. (B.7)

Then, once again appealing to the decomposition ﬁj’i(t) = ﬁjl(t) — ﬁ;, (t), and using the continuity of L and the

definition of L in (B.2), we apply the fundamental theorem for Lebesgue-Stieltjes integrals [ 106, Thm. 7.7.1] to (B.7)
and obtain

[ (B30 £3309) 50000, = [ 807500

:/0 Si(W)Lys(W)dv, (jit) € {1,... 1} x {1,...,I'} x [0,T].

The proof of (B.1a) is then concluded by substituting the above expression into (B.4) to obtain

=> /O (£ = £0s0)) $:00aQ -+ (Enalt) = Las)) Si()a@.]
- Z/Ot [Si(W)Laa(v)dv - S’i(V)Llﬂ‘(V)dl/}T

(*)Z// [L1:(0)Si(B)dQady -+ Lii(v)Si(B)dQpdv] " // B)dQsdv,

where the equality (x) is obtained by invoking the definition of the scalar process S;(t) in (B.5). O

The following oft used result is a straightforward consequence of the Burkholder-Davis-Gundy inequality [93,
Chp. 3.5], [107].
Proposition B.1 Consider a complete filtered probability space (2, F,P) with filtration §;, and any L €

./\/112"c (R™*™a|F), any constant § € R, and an §i-adapted Brownian motion Q; € R™. Then, the following bound
holds for any constant t' € [0,T] and p > 1,

l
29t -1 t
H(M) H < sz< H (L) .M, ﬁ/ Y L()dQ, € R™, teRso.  (BS)
v t"llp 0 -
Proof. The equivalence of the finite-dimensional norms ||-|| = [|-||; < ||||1 implies that
(M) = sup M| < sup Ml = sup Z |M;, sup [ M| = > (as)
v tefow telo,t i1 telot i1 t

where M, , € Risthei-th, ¢ € {1,... ,m}, component of M; € R™. Applying the Minkowski’s inequality leads to
the following bound:
|6), [, <
t'llp

(B.9)

1),
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Next, using the definition of a continuous local martingale [59, Def. 1.5.15], we use the fact that L €
Mlpe (R™*"4|F,) and invoke [108, Thm. 5.5.2] to conclude that M; ; is a continuous local martingale with respect
to the filtration §; and satisfies M; o = 0, for all ¢ € {1,...,m}. Furthermore, since t' € R~ is constant it is a
stopping time with respect to the filtration §; [95, Sec. 6.1.1]. Thus, we may invoke the Burkholder-Davis-Gundy
inequality [ 107, Thm. 2] to obtain the following bound:

), ], = Vs )

t/
where <M1> is the quadratic variation process of of M; ; evaluated at t' [59, Prop. 3.2.10].
t ’

. Vie{l,...,m}, (B.10)
p

We next bound the quadratic variation process as follows:

’7
20t -1

t’ " 5 )
<Mi> :/ 620V|’Li(y)TH2dyg/ ezevd,,(LI) :;(LI) . Vie{l,...,m},
v 0 0 S 20 v

where L;(v) € R**"a denotes the i-th row of L(v) € R™*"«. Substituting into (B.10) and using the fact that ¢’ is a

constant produces
1
— 3 e20t —1\°
t'llp [, 0 t

which upon further substitution into (B.9) produces the following bound:

m 26t 1\ 2 m
(o), = ), ), = (570 ) 320,

T
. H (L;) N } € R™. Then, using the equivalence of the finite-dimensional
p p

norms ||-||; < /m/||-|| = ||-|| and the definition of the Frobenius norm, we obtain

, Vie{l,...,m},
p

(B.11)
P

Now, consider [, = {H (LlT)t,

‘We may bound the term HLi(t)T H using the definition of the Frobenius norm as follows:

ILOT)” < S IL@T|” = IL@)%,  Vie{l,...,m},
i=1
and thus

(L7) = s LT[ < sw IL@Ip= (L) . Vie{l...,m}.
t te[0,t/] te[0,t] ¢

The bound in(B.8) is then established by substituting the above bound into the right hand side of (B.11).

The next result provides a moment bound for the process M; defined in Proposition B.1.

Lemma B.2 Let p € N>, and suppose that L € MY¢ (R™*"4|§,) defined in Proposition B.1 satisfies

E [/O ||L(1/)|2de1/] < 0.

Then, we have the following bound on the moments of the process M, defined in Proposition B.1:

2p _1\P /.20t _ 1\P
1< <p2p2 1) <e ' 1) [E[(L)jp], vee[0,T], p>1, (B.12)

where 6 € R is a constant and (), € R™ is an §-adapted Brownian motion as in the statement of Proposition B.1.

E

/t ¥ L(v)dQ,

0
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Proof. We begin with the case when p = 1, and use [ 100, Thm. 1.5.21] to obtain

E U /Ot e L(1)dQ, 2] —E Uot 20 ||L(u)||2pdy} :
Therefore,
E U /Ot " L(1)dQ, 2] <E Uot eQe”du<L)j] = [(e%’t —1) ;(L)j :

thus establishing (B.12) for p = 1.
Now, let p € N>, and for ¢ € [0, 77, set

N(t) = /t P L(v)dQ, € R™.

0
Then, as in the proof of [100, Thm. 1.7.1], we use Itd’s lemma and [ 100, Thm. 1.5.21] to obtain

E[IN()*]
= pE [ / (IN@) P 2 L@ + 200 = 1) INW)IPP™ 2 [ N@) T L)) du] (B.13)

Thus, we obtain the following bound
t
2 2(p—1 v 2
E[IN()*] <p(2p - 1)E [ / IN (@)Y e ||L<u>||de}

t
=p(2p — 1)E [ / 2V P=D/P || N ()PP 200 /P | L ()] [3. du} :
0

where, in order to obtain the last equality, we have used e20¥ = ¢20¥[(P=1)/p+1/p] — 200(p=1)/Pc20v/P sing Holder’s
inequality with conjugates p/(p — 1) and p, one sees that

p—1

e (131 < piop— e [ [ e v ar] e[ [ el

=rt2o—1) ([ e [Inw]av) e [ o dv];

Note from (B.13) that E {||N(t)||2p} is non-decreasing in ¢. It then follows that
2 ' 2 ! 2 ’
e [Iv 0] <pzo - ( | d) e (1) " e | [ e o]
2 t 2p %
<p(2p— 1) ( 29”du> E [||N ) P} [/ e29de(L) ]
0 t

=p(2p—1( %’VdV) £ (v ] </0t629”du)
=p(2p — 1)E [N (¢ HQP] </0 ¢ dv [E[(L)fp];,

)
e (Vi) < oo - e o] ([ ear) (1))

The above inequality implies

e (131 < iz -7 ([ e20"du)pr ()] = @ - () e ()],

thus completing the proof. O

o=
i
L—
N
~
N———
S+
kel
| I
ol

and thus

29



L1-DRAC: Distributionally Robust Adaptive Control
Global Results

Next, we provide a bound on a particular Lebesgue integral with an Itd integral in the integrand.

Lemma B.3 Consider a complete filtered probability space (0, F,P) with filtration §;, and let S € MY (R™|F,)
and L € Me (R™*"|F}) satisfy

T
E [ [ (150 + 120)1) du] <o, Vol
0
Additionally, for any strictly positive constants 61, 02 € R~ and an §;-adapted Brownian motion Q); € R™e define

N(t) = /Ote(el_OQ)”S(V)T (/Vee"‘BL(B)dQ5> dveR, tel0,T). (B.14)

0
Then, the following bound holds for any constant t' € [0,T):

1N 3 L0t
(NG W (OR M [OF

Proof. We begin with the case when p = 1. Note that the definition of N (¢) implies that

., VpeNs. (B.15)

2p

t v
NI [ o s H / ewLw)dQBHdu, )

It then follows from the non-negativity of the integrand of the Lebesgue integral that for all ¢ € [0, ']

t/
Nl [ oo s ]

which in turn implies that

/V eeQﬁL(mdQBH dv, Vte|[0,t],
0

t v
sup |N(t)] = (N)t/g/o e(61=02)v ||5(u)||H/0 e(’QBL(B)dQﬂ‘ dv.

te[0,t']

Hence

£[(v) ] <t l / "o 50 |[ e nisi0s| du]

t/
= [ oo fise|
0

273
‘|du

/V " L(8)dQs

0

/OV eeﬁL(,@)dQB’H dv.

Using the Cauchy-Schwarz inequality one then sees that

E [(N)t] < /Ot/ e(O1=02)v [||5(y)||2f E [H/O 2B L(B)dQ

t/
< /e(el—az)u[E ‘
0

Using Lemma B.2 on the inner expectation produces
t 1 1 3 273 273
(01—62)v (2000 _ 1\2 [ 1
E[(N)t,k(/o oo @t (A (1) dy>[E[(s)ﬂ]
t’ 1 1 3 273 272
(01—02)v 20> 2 -
< (/O e(Or=02)0 (2027 _ 1) du) <292> E{(L)t/] E[@)y] ,

where the last inequality follows from the fact that [0, 7] C [0,#'] and thus supge(o 1 [[IL(B)|| r < supgeo, ) 1L(8) ] -
The bound in (B.15) is then established for p = 1 by solving the integral term as follows:

1

] e l(s)]

(B

=

’

t 1 t, 1 1 t, 1
(01702)11 20ov o 1 2 d — / O1v —26051v)\ 2 205V o 1 2 d — / O1v 1 o —205v\ 2 d :
/0 e (e V= [ V= [t
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which, upon using the strict positivity of 6, and 6, yields

’

t h t
/ 6(91—92)11 <e2921/ _ 1)% dl/ — / 6911/ (1 _ 6—29211)5 dl/ S / eelljdV — (eelt/ o 1) i S e@n/i.
0 0 0 0 61

Now, let p € N>o. Since the outer integral in the definition of N (¢) is a standard Lebesgue integral with a ¢-continuous
integrand, the fundamental theorem for the Lebesgue integral [106, Thm. 6.4.1] implies that N (¢) is absolutely con-
tinuous on [0, 7] and

dN(t) = e =92)tg ()T ( / t eezﬂL(ﬁ)dQB> dt, pr-ae. on|0,T],
0

where p7, denotes the Lebesgue measure. Using the chain rule one then sees that

IN(@)|P = p/o IN(W)[P2 N(v)e®r=02vg(1) T (/()Ve‘)ZﬁL(ﬁ)ng> dv

t v
<o [[vorpten e so | [ naqs| v ve o
0 0
Since the right hand side is a non-decreasing function over ¢ € [0, ¢'], it follows then
t’ v
NOP <o [ IN0P 0 sl | [ @as] an e,
0 0

and thus

t/
(), <o [ I@P oo sl
t! 0

Using the above bound we obtain the following inequality:

e [(v)"] <pE | / CINGIP e ()] |[ e ns)i0s| dv]

+

/U ef’zﬁL(ﬁ)dQﬂH dv.
0

(2) t p—1 _01(p—1)v/p ((Gl/p—ag)y H v 623 H)
p /O (l W) e ) e S /O e L(B)dQg|| | dv

p—1

aiy [ ot P t
<pE / |N(V)|p€9”’d1/] E l/ 170 |5 () P
0 0

/OVGGQBLw)dQﬂ

p P
du] . (B.16)
where we obtain (7) by writing
6(91—92)1/ — 6[91(%+%)792]V — 691(p—1)v/pe(01/p—92)y7

and (47) follows from Holder’s inequality with conjugates p/(p — 1) and p.

Now, we have the following straightforward inequality:

E Vot |N(V)|p69“’dl/] <E [(/Ot e‘gll’dy> (N)S] = (/Ot eelydu> E {(N)H , (B.17)

where we have used the fact that ¢’ is a constant.

Next, using the Cauchy-Schwarz inequality one sees that

t’ p
E [ / 010200 || 51 P du}
0

t/
= [ covore isr

/ " L(5)dQs

/OV@"”?meQﬂ

P
]du
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1

t’ 1 v 2p7] 2
(01—02p)v 2p| 2 028
g/o 000 [||5()? ] E W@ P L(B8)dQs ] dv.

p
dv
t/
< /6(01—92;))1/['5 ‘
0

which, upon using Lemma B.2 on the inner expectation, leads to

t P
E [ / =8P |15 (1) P du]
0
2p—1 H v (01—62p)v (2091 g 2] 2 2] 2
< (o2 (/0 o (1) e [(1)*] ) [ (5)”
2p—1 i v (01 —62p)v (2020 5 2P z 2p 5
<(p 5 ) (/O e (e ) dv|E (L)t’ E (S)t/ . (B.18)

where the last inequality follows from the fact that [0, 7] C [0,#'] and thus supge(o 1 [[IL(B)|| r < supgefo, ) 1L(8) | -
The integral term can be bounded as

t’ p t' p ) t p
(01—02p)v (2020 1 2 d / O1v (_—205v\ 2 2020 1 2 d / 01v 1— —2051v) 2 d
/0 e (6 ) V= A e (6 ) (e ) V= o e ( e ) v

t/
< / e dy,
0

where we have used the strict positivity of 65 to obtain the last inequality. Substituting this bound into (B.18) produces

t P
[E[ / e =02P) || S (v) P dy]
0
-1\ [ ¥ 4. 2] 7 2
<(p 5 ) (/0 e du)[E{(L)t,_ [E[(S)t/} . (B.19)

Substituting (B.17) and (B.19) into (B.16) produces

<[00 = 001 [ o) (25 e [07] e[

We develop the bound further as follows:

t/
E [ | e isep

/0 "8 L(8)dQs

0

/ " 80 L(8)dQs

0

/0 "8 L(8)dQs

/0 "1 L(8)dQs

=
Nl

The proof is then completed by concluding from the above inequality that
p % t/ 2p_]_ % 2p 2%: 2p 2LP
E[()] < ([ eva) (020) e | (1)) e [(5))]
t 0 205 t t
01t 1 1 32p_1 %IE L 2p %pIE S 2p 2%:
= (e - M@(" 2 ) [( H K M
1 1 1
, —1\2 2p7 2» 2p] 2v
< it 1 <p32p 1) E [(L) P} E [(S) P} ’
611/05 2 t t/

where we have used the strict positivity of 67 to obtain the last inequality.
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The following corollary to the last lemma considers a particular type of integral that we encounter due to the structure
of the control law in Sec. 3.1.

Corollary B.1 Consider a complete filtered probability space (0, F,P) with filtration §, and let R € MY (S™|Fy),
S € MY (R™|F,), and L € MLe (R™*"a|Fy) satisfy

E [ / " (IR + IS0 + L)) du] <o, Wp>1
Additionally, for any strictly positive constants 01, 02 € R~ and an §i-adapted Brownian motion QQ; € R™ define
N(t) = /Ot e201=00v RONTR(v) R(v)dv € R, ¢ € [0,T), (B.20)
where

R(t) = /0 P [S(B)dB + L(B)dQs] € R™.

If there exists a constant Ar € R~ such that
IR p < Ar, VEe[0,T],
then, the following bound holds for any constant t' € [0,T] and for all p € N>1:

I, =22 (9,0, (25 e l,) - e

Proof. The proof follows the identical line of reasoning as that of Lemma B.3. We begin with the case when p = 1,
for which we have

2

H dv, tel0,T).

N < / t 200 |R(w) | [ B | < A / C20-0v | R
0 0

Since the right hand side is a non-decreasing function over ¢ € [0, '],

R av T,
R av

’

t
N o) SAR/ 2(01-02)v

0

and thus

N <A/ e2(01=02)v
t

Consequently,

E [(N)t] SAR/t/ 201 —02)v [HE(V)HQ} dv. (B.22)
0

Next, it follows from the definition of Ivii(t) that

e (|7 ] =€ [ (7o) Fw)]
I eeﬁL(ﬁ)anH)Q]

/ 555(5) ‘ / "B L(8)dQp
0 0

which leads to the following bound:
- 2 v
e (7] ] <e (| seas]
0

l

7
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| st
0

for 0 < v <t < T. It then follows from the Cauchy-Schwarz inequality that

E Mé(y)m <E [ /0 8 5(5)d ‘ 2]
|

273
+ 2E ] E U
for 0 < v <t <T. Now, we have the following inequality:

E U/Oye%ﬁs(g) T <E U /Oye 2(S)j < (ij)Q[E [(S)j VO<u<t<T. (B24)

Similarly, using Lemma B.2, we have
| e reae;
0

|

Substituting the bounds (B.24) and (B.25) into (B.23) produces

+ 2E H /Ve“WL(ﬁ)dQBH] ,
0

/O " 08 L(8)dQs

v 2 %
/6925L(,6’)dQ5 ] , (B.23)
0

/ " 805(8)d8
0

2 2921/ 2
e
< <v<t<T. .
]_ 202[E[(L)J7 VO<v<t<T (B.25)

Nl=

e ([ ]] < e [(5)]] + e [(2):] + vamre ()] e[ ()]

forall 0 < v <t < T. Substituting the above bound into (B.22) yields
e[(F),]<an /ot, e (01§[E {(5)1 + %[E [(L)j + ﬂﬁm {(S)j e {(L)j ;> dv
<oa ([ ) (e 0]« s [0 =t [0 < 0] )

Solving the integral and using the strict positivity of 8; € R~ produces

[ <25 (Rel(07] e [(0] +vatme (01 e 0]

20,1/ 3 02
A (e[ + e @] )

thus proving (B.21) for p = 1.

Next, consider p € N> 2. Since N (t) is a standard Lebesgue integral with a ¢-continuous integrand, the fundamental

theorem for the Lebesgue integral [ 106, Thm. 6.4.1] implies that N (t) is absolutely continuous on [0, T’] and
AN(t) = 2=t RTR(t) R(t)dt, pp-ae. on [0,T],
where (7, denotes the Lebesgue measure. Using the chain rule one then sees that

¥ - p/ot

P*2 ~—

N@)e2 =" Ru)T R(v) R(v)dv

<o [ ¥~ o ro, [Fo)| a

o ‘p,

N(y)‘

2(91 92)1/

< pAg

()

H v, tel0,T)].
0
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Since the right hand side is a non decreasing function over ¢ € [0, ¢], it then follows that

’
1
by ‘p 201620

Sl <oan [ [¥0)

H v, Vtel0,t],
and thus

N(V) 2(91 92)1/

’p7

A\ P ¢
(%), <eon | )| o
t’ 0

It then follows that

E [(ﬁ):} <pARE _/t/ N(y)’pflez(el_ez)y }v%(u)H2du]
0

(i) Y L L2001/p-0
—pAR[E ‘N(y)‘ e 1(p—1)v/p (61/p—62)v
0

- p—1

@ RTSIINT 20 N g 2(61—6
< pAR[E / ’N(V)’ e“"1Ydy E / e (61 —62p)v
0 0

where we obtain (7) by writing
p2(01—02)v _ 62[91(%%)702]1/ _ 6291(p—l)u/p€2(91/p—92)v,

and (i3) follows from Holder’s inequality with conjugates p/(p — 1) and p.

Now, we have the following straightforward inequality:

[

where we have used the fact that ¢’ is a constant.

Next, it follows from the definition of }\é(t) that

e[| = (

=
S
*4
i
<
=
I—I-o

which leads to the following bound:

e [
(I s | s

for 0 < v <t < T. It then follows from the Minkowski inequality that

e [l7]7) <€ || sina |

v 2
/O BL(8)dQs

2p| e v
E 926 1,(8)d
+ /0 7 L(8)dQs

1
2p1 P

/ " eta(8)
0

which, upon an application of the Cauchy-Schwarz inequality produces
Qp] %

e [Jref]" < |

s H
0

1
p

+E

2p

/ " o85(8)d
0

/0 "8 L(8)dQs

35

N(V)’pe%l”dl/] <E [(/Ot/ eQe“’dV> (N)tp/] = </Ot/ 6291le/> E KN)

7o) o

E(V)HZP du]

o=

)

/ ! eeﬁL(ﬂ)dQBH)p] ,

i / "0 L(8)dQs

1
P1%
|

(B.26)

(B.27)
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+2E

2p2ip

| eseas

0

Now, we have the following inequality:

v 2 v
E U/ ¢85(8)dp p] <E U/ 845
0

0
Similarly, using Lemma B.2, we have
2p P s 2050\ P
2p—1 e”"? 2p
< E|(L)
J< (=) () e[

4

Substituting (B.29) - (B.30) into (B.28) leads to

e[l < (e (0] + (25 e 007

02

v

/V ¢"PL(B)dQs

0

+2<2p—1>2 1
P73 027/

and thus

[l (ael) - () (0]

+2 <p2p2— 1>2 02\1/@[E (S)jp

Furthermore, since

¢
[E / 62(91 —92 p)V
0

we may use (B.31) and conclude that

+
[E / 62(91 —92 p)l/
0

SN t/
O e e
0 L

We develop the bound further as follows:

t/
IE / 62(91792p)l/
0
¢ 1 27 % 21\ 1 2]
< 2911/ . JE—
< ([ @) (e + (25) e | @)

e

Substituting (B.27) and (B.32) into (B.26) produces

—1

e [(7)7) <mane [(3))7 ([ ear) (e [(907]) + (o225

36

0

v

E(y)Hzpdul </0t/ 2000 (%E [(S)ﬂ . (p2p—1>912

2
+2(2p_1)é L
P 02/0>

/ " 88 L(8)dQs

2p %P
] . (B.28)

” (S)%] < (ew)zp[E [(S)QP} C YO<u<t<T. (B29)

], VOo<uv<t<T. (B.30)
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and thus
E KN)H% < oAn </0t/ e291ydy> (;gﬂz {(S>jp}r1)+ <p2p2— 1> %[E {(L)jp};
e s [OMIC[OW]

Solving the integral and using the strict positivity of §; € R+ then completes the proof.

O

Next, we provide a converse result to Lemma B.3 in which we derive a bound on a particular It integral with a
Lebesgue integral in the integrand.

Lemma B4 Let S € MY< (R™|F,), L € MYe (R™*"4|F,), §i-adapted Brownian motion Q; € R™, and strictly
positive constants 01, 03 € R be as in Lemma B.3. Define

=N t v T
N(t) = /0 el01=02)v ( /0 692ﬂS(6)dﬂ> L(v)dQ, € R, te[0,T]. (B.33)

Then, the following bound holds for any constant t' € [0, T):
ef1t’

[().1, =27 77 1), L, 1),

Proof. We begin by noting that the inner Lebesgue integral is absolute continuous on [0, T'] by fundamental theorem
for the Lebesgue integral [106, Thm. 6.4.1], and S € M (R™|g;) implies that

, Vp e N (B.34)
2p

t
| e 5@ € mbe R,
0
It follows then from [ 108, Thm. 5.5.2] that N (t) is a continuous local martingale with respect to the filtration §; since

L € MY (R™*"4|F,). Furthermore, N (0) = 0, and hence we invoke the Burkholder-Davis-Gundy inequality [108,
Thm. 5.5.1] for the stopping time ¢’ to obtain

~\ P P ~ % P ¢ v T 2 %
E KN) ] < (8p)E E [<N> ] = (8p)F E / e2(O1=02) ( / 69255(ﬁ)d6) L) dav] |. ®35
t’ t’ 0 0
We now develop the bound on the integral term as follows:
t v T 2 t' v 2
/ e2(01=02)v (/ 69265(5)(13) L(v)|| dv S/ (01 —62)v / e”PS(B)dp ||L(u)||?;dy
0 0 0 0

< Vot (26— 62)w (/Oy eezﬂd5>2 (S)jdu} (L)j

g 2(61—02)v N ? 2 2
dygvo (2010 </O 2 dﬂ) du] (S)t/(L)tl. (B.36)

It then follows that

t’ v T ’
/ e2(01—=02)v (/ 60255(ﬁ)d/8) L(v)
0 O

Solving the integrals one sees that

t’ v 2
/ e2(01=02)v (/ eeQﬁdﬁ) dv
0 0
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2 t « 2 t 2 t
_ (1> / p2(01—02)v (6921/ _ 1)2 dv (S) (1) / p2(01=02)v 2000 1), (1) / 20y,
02 0 92 0 02 0

where we have utilized the strict positivity of 62 € R to obtain (x). It then follows from the strict positivity of
01 € Ry that

g 2(01—02) v 02 ? 20,1t 1 1 ? 20,4 1 1 ?
1=bz)v 2 < r—1)— | = < 1= .
/0 ¢ (/0 ¢ dﬁ) dv < (e )291 (92> T <92>

We then obtain the following upon substituting the above inequality into (B.36):

t ( v T 2 1 1 2 9 9
2(01—02)v 024 <200t = [ =
| ( [ S(ﬁ)dﬁ) 20| v < oL ( 92> (s)(z)".

The proof is then concluded by substituting the above bound into (B.35) and performing the following manipulations:
S\ P » et \P P p
e [(7);] < wwe| () (9020]
© (4p)* ( e’ ) e (s)'(1)]]
V0105 t/ t
(i) o [ et ' 2p] 2 2p] 3
2ot () < [0 <[]

where (7) and (74) are due to t' being a constant and the Cauchy-Schwarz inequality, respectively.

We need the following result for Lemma B.6.

Lemma B.5 Consider a complete filtered probability space (Q,F,P) with filtration §;, and let Ry, Ry €
Mye (R™X7a|F,) satisfy

T
E [/ IR (v) —|—R2(1/)H;p dl/] <oo, Vp>1.
0

Additionally, for any strictly positive constants k1, ko € R and an §¢-adapted Brownian motion QQ; € R™4, define
forallt € 10,7

t
E(t):/ 62(/41752)1/
0

Then, forall t € [0,T)

i) () () s [0 e

Proof. We begin with the case when p = 1. Since ﬁ(t) > 0, using the Cauchy-Schwarz inequality (or alternatively,
Jensen’s inequality) one sees that

e [Rw?] <€ [Ro) =€ | JEIEAY

It follows then from the definition Ry (t) = Ry ()T Ra(t) that

~ 2 ~ ~ ~ t
Rl(y)H dv € Rsg, Ri(t) = Ri(t)  Ra(t) € R™, Ro(t) = /0 28 Ry(8)dQs € R™.

~ 2 t . 2
Rl(z/)H du] :/0 Hm—r2)vE [HRl(y)H ]du, te0,7].

=

E [ﬁ(t) r < /Ot 2 |:|R1(y)||% HEQ(V)HQ] dv

(;) /t e2(r1—r2)v [HRl(V)HLIl?}% E |:H§2(V)H4:| % W
0
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< (/Ot e2lm—r)VE [“}A%z(u)"4]édu> E {(Rl)jé, te0,T], (B.38)

where (%) is a consequence of the Cauchy-Schwarz inequality. We now use Lemma B.2 to see that

e[l ] =e | T es(@tye[m) ] weon

Substituting the above for the inner expectation in (B.38) then produces

N 1 2 t _ 62N2D71 4 % 4 %
e[ o [ e (ST e n)] o) ()]
t 62/{21/ -1 4 % 4 %
<3 (/O (2051 —r2) (@) du) E [(Rg)t] E [(R1>t] ., telo,T].
It then follows that

e R0 < va ([ e (201 a) e [(m)] e[(m)] . ren

Then, one establishes (B.37) for p = 1 by using the strict positivity of k1, k2 € Rs to obtain

t 2koV t —2Kov t
/ e2(r1—ra)v (“_1> dv :/ g2 (1_€2> dv < (/ 62*@1de> 1
— b
0 K2 0 k2 0 h2
t 2KoV 2K1t 2Kkt
QRm—ry (01N G e 2L e
0 K2 - 2%1%2 - 2H1H2

Next, consider the case when p € N>». The fundamental theorem for the Lebesgue integral [106, Thm. 6.4.1] implies
that R(t) is absolutely continuous on [0, T'] and

Nl=

/0 "2 By (8)dQ

and thus

~ - 2
dR(1) = 2 —ra)t HRl(t)H dt, pp-ae. on|0,T],
where (17, denotes the Lebesgue measure. Therefore, since }Al(t) > 0, the chain rule implies that

—~ 2
Rl(z/)H dv, tel0,T].

t
R(tp=p [ Ryt

0
It then follows that

e[| e | [ Byt Ao o]
~ 2
U ( 2m1 (p=1)v/P R (1))P~ ) <62<“1/P“2>" Rl(y)H >dy] , (B.39)
where the last expression is due to
62(1{17112)1/ _ eQ[Nl(pP1+p) /12] e2n1(pfl)u/p62(n1/p71{2)u.

Using Holder’s inequality with conjugates p/(p — 1) and p, one sees that

p—1

E[R(t)°] < pE [ /O t 62“1"1§(u)"dy} " E [ /O t ezim_@p),,
P (/ot E ROy }d’/)p (/OteQ(”’l‘”Q")”[E [Hﬁl(u)m dy)"

39

—~ 2p %
Rl(z/)H du}
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p—1

<o [ emrar) " e[Rap)” ([ e [|ro)”] dy); ,
0 0

where we have used the fact that E [ﬁ(t)p} is non-decreasing in ¢ as implied by (B.39). It then follows that

p—1

P (/t 62mudy) P (/t e2(r1—r2p)VE [Hﬁl(y)uzp] dI/)é ,
0 0
E [fz(t)"} <pP° ( / t 62“1”dy>p1
0

Now, using the definition ﬁl(t) = Rl(t)TEQ (t), we obtain

/t 20k —rap)V {Hﬁl(V)HZP} iy < /t o2(r1—r2p)VE |:R1(1/)||%P HEQ(V>H2P:| dv.
; 0

Using the Cauchy-Schwarz inequality, one sees that

,ﬁ
=)
=
o,
o=
IA

and thus

t R 2
/ eQ(Fvl—’wP)V[E |:HR1 (V)H P:| dU, vVt € [0; T] (B4O)
0

1

/t (2P {Hﬁ“l(V)H?p} < /t 2RIV [||R1(V)|I§P} : E |:H§2(V)H4P:| * v
0 0

< (/Ot P [HEQ(V)H4'°] : du) E {(Rl)ﬂ %, vt € [0, 7).

It then follows from the definition of Ry(t) that

t R % t 4p] 2 apl 3
[/ e || o< [ oo w)e|(m)"]
0 0 !

forall t € [0, 7). Consequently, using Lemma B.2 to bound the inner expectation leads to

/t e2(m—r2p)VE [H]%(V)H?p] dv
0 1 1
< pP(dp—1)P </Ot e2(r1—R2p)y (‘T)PE |:(R2)ip:| ’ du) E [(Rl)jp] ’
sPp oLy (/ot cHnn (T)p d”) E [(32)31 e [(Rl)ﬂ ' B4

Using the strict positivity of k2 € R, one sees that

t eQHQI/ -1 P t e2,ﬂ~g2u P t 1 p
/ 62(51—52p)l/ ( ) dy < / 62(m—mp)u ( ) dv = / eQdel/ () )
0 K2 0 K2 0 K2

and thus, (B.41) can be written as

/Ot (2051 —rap)v U]E(:AHQP} dv < pP(4p — 1)P (/Ot @2“”61”) (;)p E {(RQ)ﬂ E {(Rl)ﬂ :

Substituting the above bound into (B.40) produces

e [er] <op-ve ([ eean) (L)' [(m:)!] g ()] wen,

Solving the integral and using the strict positivity of k1 € Rs(, we obtain
N 4dp — 1 P 2k1t\ P 4p % 4p %
E {R(t)”} < (p2p) (e ) E [(Rg) } E {(Rl) } ., Vtelo,T].
2 K1K2 t t

40

/ 20 Ry (8)dQ

0

[N




L1-DRAC: Distributionally Robust Adaptive Control
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~ ~ 2
The proof is then concluded by observing that R(¢) > 0, V¢, and Jensen’s inequality imply that E [R(t)%} <
E [E(t)P]
O
The following result provides a bound on a class of nested Itd integrals.
Lemma B.6 Consider a complete filtered probability space (Q, F,P) with filtration §;, and let Ly, Ly €
Mbe (R™¥"a|F,) satisfy
T
E / |Li(v) + La)|| P dv| < 00, V¥p>1. (B.42)
0

Additionally, for any strictly positive constants 01, 02 € R~ and an §i-adapted Brownian motion QQ; € R™7 define

t t T
N(t):/o ef2v (/ 6(91_92)BL1(ﬂ)dQ5> Ly(v)dQ, € R, te[0,T].

Then, the following bound holds for any constant t' € [0, T):

1), L@,

Proof. We begin by setting

\/>601 t’

< 2p% (4p—1)?
4p 91

mH( )t/ ‘(LleT)t/Hp7 peENs;. (B43)

t t
Ni(t) =/ eOr=02v 1 (1)dQ, € R™, No(t) :/ eV Ly(v)dQ, € R™, te[0,T).
0 0

It then follows from the definition of N (¢) that
.

N(t):/ote"w (/ =087, (ﬂ)dQ5> (v dQV_/ (/ N (8 ) ANy ().

dNy(v) — /Ot </0V le(ﬁ))Tng(u)

— M) Na(t) / Ni(n)TdN(v), e [0,T]. (B4

Next, applying Itd’s lemma to Ny () " No(t) (or alternatively using the Itd product rule [95, Sec. 4.4.1] applied element
wise) produces

Ni(t) ' Nao(t) = | Ni(v)"dNa(v) / No(v)TdN: (v +Z<N1 is N2 z> . telo,T],

0

where N ;, No; € R denote the i* scalar-valued process, i € {1,...,m}, of N1(¢) and No(t), respectively, and

<N1,i, N2,i> denotes the cross-variation process between N7 ;(t) and N ;(t) [93, Defn. 2.3.9]. Substituting the
¢

above expression for Ny () " Ny(t) into (B.44) produces

+ m
:/ NQ(}/)Tle(I/) + Z<Nl’i’N2’i>t’ te [O,T],
0 i=1

which implies that

m

Z<N1,1,N2,i>t| .

i=1

+ sup
te[0,t']

/N2 )TN, (v)
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Using Minkowski’s inequality one sees that

()] <2 g | oo

1

P b
] . (B.45)

1
P m

+E

p
sup

<N1,i7 NQ,i>
te[0,t'] t

i=1

Now, let

t t v T
N = [ Na)Tam () = [ e ( / e‘)z%w)dczg) Ly (v)dQ, € R.

The t-continuity of N (¢) [15, Thm. 3.2.5], along with Ly, Ly € Mkc (R™*"a|g,) imply that N (t) is a continuous
local martingale [108, Thm. 5.5.2]. Furthermore, since N (0) = 0, we use the Burkholder-Davis-Gundy inequal-
ity [107, Thm. 2] to see that
2 5
dl/>

e (5] < om e ()] - oot (o

Note that the integral inside the expectation can be cast as the process R(t) in Lemma B.5 with x; = 6; and R;(t) =
L;(t), i € {1, 2}. It then follows from Lemma B.5 that

L) / "B L(8)d0s
0

N

. 01t P 4p] 4p i
< P — % 76 .
e [(5);] 2ot o0t () € [(02),] ()]
Then, since
1 -1
t P]e . p P o\ P %
E | sup /NQ(V)Tle(V) =E | sup N(t)‘ :[E[(N)] ,
tefo,t’] |Jo te(o,t'] | t
we get that
P15
E No(v)TdN < 2pf (4p—1)? ’ L HL B.46
[“p/ 1()]‘“‘) m(z’)up(l)w (340

Next, it follows from the definition of the cross-variation process [93, Defn. 2.3.9] that

m 1 m n 0 .
Z<N1,iaN2,i>t =1 ; <<N1,i + N2,i> <N1 i — N2 i Z/ WL i(v)La,(v) dy,

i=1

where L1 ;, Ly ; € R1*"a denote the ith rows of Ly (t) and Ly (t), respectively. Hence,

7/ (01402)v ZL“ VLo (v dy<\f/ ( |L1,i(v) Laq( )T’2> dv
i=1

:\/ﬁ/o of1v HLl(V)LQ(V)THFdV.

(NI

m

> (Vi Vo),

i=1

We further develop the bound as

m t
S (N V) | < m(/ eel”du> (L) . wtefo.T],
: t 0 t
i=1
which further implies that
m t/ 0.t 1 01t
sup Z<lei,N2¢> <vm / 17 dy (LlLQT) —ymi— = (LleT) < @(LILZT) :
tel0,t'] |, t 0 t’ 0, t/ 01 t/

where we have used the strict positivity of ; € R~. Taking expectation on both sides and using the fact that ¢’ is a
constant produces

1
m P75 0.t
E | suwp |S(NigNog) || < yment ‘ (£ard) (B.47)
te[0,t'] |51 t 01 t'llp
Substituting the bounds (B.46) and (B.47) into (B.45) produces the desired result.
O
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C Reference Process

We provide the proof of Proposition 3.1 below.

Proof of Proposition 3.1. We consider the case P {Yy o =Y, € Uy} = 1 wlo.g. since otherwise 7y = 0 and the
result is trivial.

Note that establishing the well-posedness of Yy ; = [( Xy t)—r (X% t)T] is equivalent to establishing the individual
well-posedness of the following systems:

dX3 = Fnyu (6, X5,) dt+ Fno (6, X5 ,) AW, X =35 ~ &, (C.1a)
dXy:=Fn, (t,X]rV’t, U{) dt + Fn » (t,X}Q’t) AWy, X0 = 2o ~ o, (C.1b)
fort € [0,7n4 AT), where FN,{/«U} and F'y {0} are defined analogously to G ;. »} in (27).

The well-posedness of (C.1a) is straightforward to establish using Definition 1, Assumption 1 [47, Thm. 3.4], and due
to F'x .01 (a) =0, Va € R™ with ||al| > 2N.

Now, consider any z € Ms ([0,T],R™ | 2y ), for any ¢ € [0, T}, and define

t

M(z(t)) = /Ot Fyn (v, 2(v),U))dv + ; Fno (v,2(v)dW,, te][0,T]. (C2)

Let us denote by fn, An ., pn, and Ay, be the truncated versions of the functions f, A, p, and A, respectively,
and where the truncation is defined as in (25). Then, we have that

M(=(t) = / (v (0, 2(0)) + gL + A (v, 2(0))) s + / (on (0, 2(0) + Ao (v, 2(0))) AW,
for t € [0, T, where, from (23), we have that

ULT/ = ]:wAll‘V,,u ('7Z)V + FN,wpll‘\/'('a Z) + A‘Jl\f,a ('7 Z) 7W1/'

Therefore, the previous expression can be expressed as

M(=(t)) = / (I (0, 2(9)) + A (v, 2(0)) do + / () Fuhly, (- 2y

+ / 9W)Fn PN (5 2) + Ay, (- 2), Wrdy + / (pn (v, 2(V)) + Ao (v, 2(v))) dW,,  (C.3)
0 0

for t € [0,T]. Using the definition of F,, in (18a), we have that

t t v
/0 gW)Fuly , (- 2)vdy = — w /0 /O g()e “C=AAN (B, 2(8)) dBdv, t € [0,T].

Changing the order of integration in the double Lebesgue integral produces

/Ot g(V)}'wA‘J'V# (,2)vdy = —w /Ot (/Vtg(ﬂ)e_“’ﬁdﬂ> e“’”A‘]'Vy# (v,z(v))dv, te]0,T]. (C4)

Next, using the definition of Fjs ., in (23), we have that
t
| a0 b2+ Al () Wods
0

- —w / / T g)e ) (ol (8, 2(8)) + Ay, (8. 2(8))) dWadv, € [0.T].

Applying Lemma B.1 to the above expression for
P(v) = g(v)e~*" € C ([0,T|;R™™),
S(B) = e? (py (B 2(8)) + Ax o (8,2(8))) € M ([0, T;R™*4 | Wo,) , Qs = W,
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produces
t
| 9P p(c2) + Al () Wods
0

= —w/o (/ g(ﬁ)e“"’gd6> e (py (v, 2(v)) + A‘]'V’J (v,2(v))) dW,,, te€[0,T]. (C.5)

Substituting (C.4) and (C.5) into (C.3) yields
t t
M(=(t)) = / Fuv,o (v, 2(v), UL) dv + / Fy. (v, 2(v)) dW,
0 0

t t
:/ M, (t,v,z(v))dv —|—/ M, (t,v,z(v))dW,, te€]0,T], (C.6)
0 0

where
t

M, (t,v,2(v)) = fn (1, 2(v)) + Anp (v, 2(V)) —w </ g(ﬁ)e_“’ﬁdﬁ> ewyAl]‘V,p (v, 2(v))

t

Mo (t7V7Z(V)) = pN<V,Z(V)) + AN7U (V,Z(V)) —w </ g(ﬁ)e_wﬁdﬁ) e (plj‘\[ (V,Z(V)) + All‘\/,a (V’Z(V))) )

forv € [0,¢], and t € [0,T]. Using Assumption 1, we have that

t
H ( / g(ﬁ)e‘”5d6> e
e—w(t—l/)

t
—w v 1-
< [ ol raser < 0,05 < a,

w

F

. Wwelot,te0,T], (C.7)

€l

Thus, we conclude that
1M, (8, v, 2@ < 1w (2 2@+ (A (v, 2] + By [AR, (. 2(0))]| - (C.82)
1M (8, v, 2 ()l p = llpn (v, 2(0) | p + (Ao (v 20))] 5 + Bg [Py (v, 2(1)) + Ay o (v, 2())]| 5, (C.8b)
forall v € [0,¢],and ¢ € [0, T].
Let us set x(t) = xo, and define the Picard iterates for (C.1b) as

t t
xk(t) =29 +/ FN7M (l/, :L‘k_l(V), U;) dv +/ FNJ (V, l‘k_l(V)) dWl,, ke N, te [O,T]
0 0

Then, by the definition of M in (C.2), we have that

xk(t):xo—i—M(xk_l(t)):xO—l—/o M, (t,uxk_l(u))du—i—/o M, (v, 20 () dW,, t€[0,T].

Since the truncated functions fn, Ay ., pn, and Ay, agree with their non-truncated counterparts on [0, 7n], we
have that over the interval [0, 7] D [0, 7], the Assumptions 1 and 4, the truncation definition in (27), along with the
bounds in (C.8), imply linear growth of the integrands in the Picard iterates above. Therefore, as in the proof of [100,
Thm. 2.3.1], we claim the existence of solutions to (C.1b) on [0, T'].

Similarly, using the assumptions of local Lipschitz continuity on the functions f, A, p, and A, we can use the same
arguments as above to establish the uniqueness of solutions to (C.1b) on [0, T as in the proof of [ 100, Thm. 2.3.1].

Furthermore, as above, using the definition of the truncation in (27), we can use (C.8) and show linear growth bounds
and Lipschitz continuity for Fiy ;,, +}, globally over R™ and uniformly in ¢ € R>¢, thus implying the strong Markov
property of the solutions by [100, Thm. 9.3].

Finally, since G, (o} (t,)) = Gf{“ o} (t,-) for all t € [0, 7n], we may invoke [47, Thm. 3.5], [59, Thm. 5.2.9] to
conclude that Yy, is a unique solution to (25) on [0, 7n/]. O

The next two results help us with the computation of dV (Y ;) in the proof of Lemma 3.1.
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Proposition C.1 Let Yy ¢ be the strong solution of (27), and let 7(t) be the stopping time defined in (29), Lemma 3.1.
Then,

7(t) 1
/0 o2 (vv (YNW)T G (1, Yny) + §Tr [Hy (v, YN,0) \viavs (YNW)}) dv

(t) (1)
<o [PV Wdrs [ e V) dv
0 0
7(t) o
+/ e ((;5; (1/, YN,U) + ¢Zu (V, YN,u)) dv, (C.9a)
0
7(t) - —~
/ P vaYs (Yn.) Go(v,Yn,)dW,
0

7(t)
_ / e (G (1, Yi) AW + (66 (v, Yar) + 6% (v, Yar, )| dW,) ,  (C.9b)
0

forall t € Rsg, where H, (v,Yn,) = Go (v, YNn,) Go (v, YNJ,)T, G, (v,Yn,) and G, (v, YN ) are defined
in (25), and the functions ¢}, ¢7, , and ¢, are defined in (32) in the statement of Lemma 3.1. Additionally, we have
defined

O (1Y) = Ve Yvw) T gW)A), (v, X50) . 00 (0, Ynw) =V (V)T gW)F) (v, Xk ) |
o5 (1, Yn,) = Ve (Yau) | gw)UL.

Proof. Using the definitions of G; in (25), we have that

YV (Ynw) ' G (Vo) = Vi (Yxo) " Ey (. XR,) 4+ Ve (Vi) " B (v XR)
+ Vo (Yu) " (90U + Ay (v, X5,)) . v e 07,
which, upon using (9), Assumption 2 can be re-written as
VV (Yno) ' Gu(v,Yn,) < =20V (Ya,) + Ve (Yao) | (90)US + Ay (v, XY,)) . v e0,7(8)].  (C.10)
We develop the expression further by using (11) in Assumption 4 to conclude that

Il v T
M X50) = o) 909 [3t )] = g0l 04 X5,) + )0 (X5

Substituting into (C.10) yields

VV (Yno) Gu(v,Yn,) < =20V (Yn,) + Ve (Yaw) | g(0) Ax (v, X5 ,)
+ Ve (Vo) g(w) (UL + AL (v, XR,)) . velo @),
which then leads to (C.9a).
Next, using the definition of GG, in (25), we have that

T(t) ~
/ eV (YN,U)T Gy (v, YN,u) dW,
0

7(®) T = T
_ / e (Vo (V)T By (0, X2) dWS +V, (%) Fy (v, X]) WV,
0

T(t) B
/ AV, (Y,)T Fy (v, X3) AW
0

7(t)
+/ 62)\VV;« (YV)T (p (V7 X;V,V) + Aa (y7 XR,’V)) dWl,, t e RZO;
0

where we have used the definition of F}, in (2). Since (11) and (12) in Assumptions 4 and 5, respectively, along with
Definition 4 imply that
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P (V, X}W) + A, (1/, X}\',’t)
=g() T (v Xi) +9W) AL (v, X3 ,) + 9" (v, XRy) +9(v)Ag (v, X7,)
=g(W) Fy (v, XN,) +9)Ey (v XR,), Vv e[0,7(1)],
the previous integral equality can be re-written as

(t) -

/ VYV (Yno) ' Go (v, Yn,) dW,

0
(t) . (t) .

:/ eV, (Y, F, (V,X;)dw;+/ V(Y g(v)TFE (v. XR,) AW,
0 0

()
+ / NV (Y, g)F) (v, XY,) AWy, t € Rso,
0
thus establishing the expression in (C.9b). O

In the subsequent proposition, we derive the expression for how the reference feedback process U" (23) enters the
truncated joint process Yy ;.

Proposition C.2 Let Y+ be the strong solution of (27), and let T(t) be the stopping time defined in (29), Lemma 3.1.
Then, for the term ¢7; defined in the statement of Proposition C.1, we have that

T(t) T(t) , .
/ VT (1, Vi) d = / (85 (e (), . Yo 0) dv 05 (r(0), Yo ) W, )
0 0

7(t)
+/ €2ky (¢;]u (V7 YN,V;“J) dv + ¢;]U (1/7 YN,u;w) dWl’) ’ te RZO’ (Cll)
0

w

o (TP (0,0) = OV, (Vi) T (0)) AL (4 X5 )

— et 2 (e“”(t)”PT (r(),v) = OV, Yy ) | g(T(t))) e F) (v, XK,) .

Ve (YN V)T Q(V)A” (1/, XJTV,V) )

)

¢{]u (Vv YN,V; w)

¢T(‘Jc, (V7 YN,V; W)

and where P" (7(t),v) is defined in (34), Lemma 3.1.

. w
T2 —w

w T I r
= 2\ _w‘/;" (YN,I/) g(V)Fa (VvXN,u)a

Proof. Using the definition of ¢7; in the statement of Proposition C.1, we have that
(t)
/ T (v, Yn,) dv
0
(t) T
= / MV, (Ynw) gw)ULdy
0

7(t)
:/0 MV, (Yaw) ' gv) (Fu (Al (X)) () + Farw (0" (L X7) + AL (L XT), W) (v)) dv,

for all ¢ > 0, where we have incorporated the definition of U" in (23). Next, using the definitions of F,, and
Fnw (-, W) in (18a) and (23), respectively, we can re-write the previous expression as

7(t)
/ e””qb’{] (v,Yn,)dv
0

7(t) v
= A /0 (7&)6(2)\7w)l/) Vr (YNW)T g(l/) (GWBAJL (57Xj7;7”3) dﬂ) dv
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7(t) v
[ (e V) o) (Y (8, X ) W) di
0 0

for all ¢ € R>(. Changing the order of integration in the first integral on the right hand side, and applying Lemma B.1
to the second integral:

()
/ e”‘”gbf] (v, Yn,)dv
0
) () 2X T I
:/O —/ wePA—)By, (Yng) g(B)ds eV A, (1/, X}”VW) dv

7(t) 7(t)
- / (— / wePA =Y, (Y )" g(ﬁ)db’) eV Fy (v, XY,) AW, (C.12)
0 v

for all t € R>(, where in the first integral, we switch between the variables S and v after changing the order of
integration.

Now, observe that

- T d —w T —w T
ds [PV, (vie) T 9(8)] = <d,8€(2/\ W) Vi (Yivs) T 9(8) + e84y [V, (Y 0)T 9(8)]
where dg [-] denotes the stochastic differential with respect to the variable 3. Multiplying both sides by — 57— yields

w
2\ —w

ds [PV, (Vi) 9(8)]

d
= g () Ve o) 006) = g2 [V () 9]

= —we® Y, (Y p) " 9(8) = 5m—e® 7 d; Vi (Yup) 9(8)] -

2\ —w
We can alternatively write the expression above as
— wePBY (Vi )" g(8B)
w

_ (2x—w)B T w (2A—w)B T
ol [P, (V) T 9(B)] + g ey [V (V) T (8)]

which upon integration over the interval [v, 7(¢)] produces

()
- / we =Y, (Yag) " g(B)dB

w A—w)T T w A—w)v T
= g e (Vi) T glr(0) + 5 e, (V)T g(0)

w
2\ —w

where we have used the definition of P” (7(¢),v) from (34). Substituting the expression above for the two identical
inner integrals on the right hand side of (C.12) produces (C.11), thus completing the proof upon re-arranging terms.
O

+

Pr(r(t),v),

The next result provides an alternative representation of P” that is amenable to the analysis of the reference process.
Proposition C.3 Recall the expression for P" (1(t),v) in (34) in the statement of Lemma 3.1 which we restate below:

P (r) = [ "

v

(@A -)8g, [w (yNﬂ)Tg(g)} ERM™ 0 <y < T(t), (C.13)

where the T(t) is defined in (29), and V. (Yn ) = Vxy V (X}(,)t,X]’(,)t) € R™. Then, P"(7(t),v) admits the
following representation:

Pr(r(t),v) = Ps (1(t),v) + Paqg (r(t),v) € R™, 0 <wv <7(t), t € Ry, (C.14)
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where
7(®) 2\ T
PL(r(t)v) =S / (@P=)8pr (3)T g
=1V

(1)
+ / AP [PL(B)AW, + P (B)dWE] | € RY™, (C.159)

T(t)
;d (T(t),u) — / e(QA—w)BIP&(B)Tdﬂ c RIXm’ (C.le)

and where Pj;(53), P, (8) € R™, i € {1,2,3}, and P} (3), Py, (8) € R™*? are defined as
PL(B) = 9(B) " Vir (Yn,6) 9(B)US,
P (B) = 4(B8) "V (Yiv6),
Pra(B) = 9B [Vew (Yi0) (Fu (B, X2 5) + Au (8, X)) + Var (Yv0) | B (B, X3 5)]
1
P’I”

1 (8) = 598 T [Hy (8, Vi) V2Ve, (V)] Ly

and

PrB) =9(B) Vi Yn) Fr (B.XN5) s Po.(8)=9(8) Vir Yn) Fo (B, X 5)-

Additionally, we have defined H, (3,Yn g) = Go (8,Yn ) Go (B, YN”B)T € S and

Tr [Hy (B, Yn5) V2Vi, (Yag)] 1, = [51 (8, Yas) -~ Tu(B8,Ywp)]  €R",
T (B8, Yn,g) =Tr [Ho (B,Yn ) VV;, (Yn,5)] €R.

Proof. We begin by writing V. (Yy, B)T g(B) as

VoY) 9(8) = [V.V (Ynp) T 9.a(8) -+ VoV (Yivs) " g.m(B)]
= [ Ve ) gia(B) -+ L1 Ve, (Vi) gim(B)] € RP™, - (C.16)
where g.;(3) € R™ is the j-th column of g(5). Applying Itd’s lemmato V,, (Yn 5) i;(8) € R, (4,5) € {1,...,n} x
{1,...,m}, and using the truncated dynamics in (27) we get

dg Ve, (Yn,g) 9i,5(B)]
= |V, (YN8) 955(B) + (VVn (Yi,g) | Gu(B,Yng) + %Tr [Hy (B,Yn,8) VZVi, (YN,B)]> gi,j(ﬁ):| g

+ VYV (Yag) Go (B, Ynp)gi,(B)dWs, (C.17)

where we have replaced G, and Hy , = G NJG]TV)U € S$?" with G, and H, because from Proposition 3.1, Yy 5
is also a strong solution of the joint process (25) for all 8 € [v,7(t)] C [0, 7*] C [0, 7n]. See (29) for the definition of
the stopping times 7* and 7. Since (C.16) implies that

ds |9,V (Vi) 95(8)] = Zdﬁ  (Ynp) gis (B €R, je{l,...,m},
we may substitute the expression in (C.17) to obtain
ds [ VoV (Vi) " 95(8)]
=V (Yip) 45(8)dB+ (vw (Vis) " G (8, Yiv) + 5Tt [Hy (8, Y s) V2V, (V)] 1;1) " gs(pyas

+958)TVV, (Yng) | Gy (B, Yn,g) dWs € R,
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for j € {1,...,m}. Once again. from (C.16) we have that
V,«(YNJ;)Tg(ﬂ) = I:VTV(YN”@)TgJ(ﬁ) VTV(YN,,@)Tan(Bﬂ c I]%lxrn7

we therefore use the previous expression to write
dg [V (Vv0) " 9(8)] =V» (Yn0)" 9(8)a5
1. n )
+ (9 (i)™ G (52 Yiva) + JT [ (5. Yiva) V205, (sl -, ) a(5)a3
T T =\ 1xm
+ (9(8) TV, (Vi) Go (8, V) diT;) € RV (C.18)

Now, using the definition of the Hessian of vector valued functions in Sec. 1.3, we observe that

nxn ;T(;T[)T:| |::2[ :| |:irr(YN )
RZ XN o VvV, (Y; — v‘/h e VV,. =V V.,V T = = T B
( N,,B) [ n} ( ) {V* . (VTV)T vi)r‘/ Vi r (YNB)

where V, . (Y g) € R"*" and V., (Yn,3) € S". Therefore, using the definition of G, and G,, in (25), we get
F, (B,X}“\,’B, Ug)

Fu (8. X3,5)
= Vr,r (YN,ﬁ) Fu (B»XX[}[% UE) + V*,r (YN,B)T FM (ﬁvXJ’(fﬁ) S Rm

VV. (YN,ﬁ)T G/A (ﬁ7 YNﬁ) = [Vr,r (YN,[}) V*,r (YNﬁ)T]

T _ o (ﬁ» N:B) On,d aw,
Vi (Yng) Go (B, Yng)dWs = [V (Vi) Vi (Yivg) '] - [dWB*
On.a (8 X3,5) ] 175
=Vor (Yng) Fo (B, X} 5) dWs + Vi (YN,,B)T Fy (B, X% ) dW5 € R™.
Next, note that the decomposition (4) in Definition 1 states that
Fu (B, XN,5,Up) = Fu (B, X 5) + 9(B)U5 + Ay (B, Xiv ) -
Therefore, the previous expressions can be re-written as
YV, (Ya) | Gpu(B,Yn.s)
_ r r T 5 *
= Ver (Yv,8) (B (B, XN 5) + A (B, XK 5)) + Vir (V) Fu (B, X7 )
+ Vr,r (YN,,B)g(ﬁ)UE € Rn7

—~ Fa’ /87 s On,d dW
VV, (Yng) Go (B, Yng)dWs = [V, (Yag) Vi (Yap)' ] (0 NB) 7 (ﬁ P ) [dWE]
n,d o » “XN,3
= Vi (Yivg) Fo (8. XN 5) dW5 + Vir (Yiv,g) | Fy (8. X5 5) dWS € R™

Substituting the above identities into (C.18) produces

.
dg [V (Yng)' ] [ZPT )+ Py 5)] df + [PL(B)AWs + P5 (B)dW;] " € RY™,

Then, (C.14) is established by substituting the above into (C.13).

The next result establishes the bounds for the pertinent entities in the last proposition.
Proposition C.4 Consider the functions P, (t) € R™, i € {1,2,3}, and Py (t), P, (t ) € R™*4 defined in the

statement of Proposition C.3. If the stoppmg ‘time T , defined in (29) Lemma 3.1, satlsﬁes T = t*, then

3| (75),

L
, (C.19a)
2p

™ < \/ZA (AaVAp + AaZVAP (4P72p)> +4 H( YN))

+*
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770 n
S ()7 < 5arasn e acpal,  caom
i€{o,0.} q
where
_ w0 _ 70 70
Ap, = H(FN ("XN))t* 2p + H<F‘L (.’XN))t* 2p * H (A” (.’XN)>t* 2p

A, (15) = Exy [(Fo (2 X0)) |7+ Eng [(Fo (0 X30) ]+ Ene [(A0 (X)) ]
for (r;s) € {2p, 4p} x {2p, 4p}.
Proof. We begin by using the definition of P, in (C.15a) to obtain
175 @I < 9@l 1V Vol < Ay IV Yol Ve € [0,T],

where we have used the bound on ¢(t) in Assumption 1. It then follows that

(Pn),. = 2(ve0w)

H(P’Cl)t* (VT (YN))

Similarly, using the bound on g(t¢) in Assumption 1, we obtain

1P @l < &g (IVer Yva)l e (|1 (8 X3 [+ A (8 X8 D)+ IVir Vn)llg || Fu (8 X50)1) Ve € 10,70
Using the bound in (E.1b), Proposition E.1, produces the following bound:

and thus

0
T T,

0
<A, (C.20)
2p

t+ll2p

P o) <\ 5 Aaov (155 (6 X5+ 150 (X500 + s (XKD s vt € 0,71

Therefore, we conclude that

(PL),. < \[580 (Rt X00), + (Rt 30) .+ (0 30), ).

It then follows due to the Minkowski’s inequality that

7r3 n _ 71'2 _ 7r(*J 71'2
pr ) < J%A.A H(F LXK ) H(F XX ) H(A L XE ) . (C21
H( K2 /s 2p—\/g g c’?V( u( N) i 2p+ u( N) " 2p+ u( N) o llop ( )
Next, we consider the term 73; 5 defined in (C.15a), using which we obtain the following bound:

1

1 . . 1 n ) 2
[AROIESY HTr [Hy (t, Yy .) V2V, (YN»t)]ile — 34, (Z I, (, V)| > , (C.22)

i=1

where

Ty (6, Yng) = Tr [Hy (8, Yng) V2Vi (Ys)] €R, Hy (6, Yn) = Go (8, Yne) Go (8, Yny) | € S
Now, for V2V, (Yy,) € S, it is straightforward to establish that | V2V, (Y 4)| - lan — V2V;, (Vo) € ST
Moreover, by definition $** > H, (t,Yn:) = Gy (t,Yn1)Gs (t,YN7t)T € SZ%. It then follows from [109,
Thm. 7.5] that -

Tr [Hoy (¢, Yne) (||[V2Ve, V)|l p - lon — V2Vi, (Yive))] > 0.
Thus, as a consequence of the linearity of the trace operator
0 <Tr[Ho (t,Yn¢) (|[V?V, YN0 o - l2n — VPV2, (i)
=||V*Ve, Yno)|| o Tr [Ho (8, Yna)] = Tr [Ho (6, Yne) VPV, (Yae)] s Y(t0) €[0,T] x {1,...,n},
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and therefore
Tr [Hy (t,Yn:) VPV, (V)] < Hvzvm (YN,t)HF Tr[H, (t,Yny)] = ||V2Vm (YN,t)HF |G (2, YN,t)”iv ;
forall (t,4) € [0,T] x {1,...,n}. Using the definition of G,, in (25), we get
Tr [H, (t,Yn.) V2Ve, (Yaa)] < [|V2Ve, (V) || 1Go (8 Y 7
= [IV2Ve, 0wl (1P (6 Xl + 1Fs (6 X5)]7) - (€23)
and thus
152 (Vi) = [T [Ha (8 Yoe) 92V, (]| < 92V, () (1 (6 X+ (o (6 X012

forall (t,4) € [0,7] x {1,...,n}. Substituting into (C.22) then leads to

,_x

EACIEEN (ZIIW L Oval) (1 X+ 1 58T

2

SN (ZW Ymui) (1 ¢ X+ 1 1 X312
s (S vl ) (18 w1 x5 ),

for all t € [0, T, where (¢) is due to ||-|| = ||-||, < |||l  for matrices, and (¢7) is due to the equivalence ||| = ||-||, <
||-||; for vectors. Substituting the bound in (E.1c), Proposition E.1 produces

1 n *
P01 < 53 Asdo (1F @ Xl + s (6 X3 I2) . €07

Consequently

(P),. < ;\/>A Aorv ((F (xw) + (R (.,X;V))i).

It then follows due to the Minkowski’s inequality that

(P), I < 4y fan A62V< (= <.,XN>)ff]2l” ve| (% <~,va>)ff]zlp>~

Using the decomposition F,, = F, + A, in (4) followed by the Minkowski’s inequality, we obtain

H(P;3>t* 2p
< ;\[A Aoy < 0 [(FU (.,X;V))iprp + Eno [(FU (.,X;V))jfr + Eno [(AU (.,X;V))jfrp> . (C24)

Adding the bounds in (C.20), (C.21), and (C.24), establishes (C.19a).

Next, using the definitions of P} and P;_, we obtain

0
T

P3O0 <5 80dov [Fr (X5 P50 <[5 B080v [1Fr (6500 v 0.7)

where we have used the bound on g() in Assumption 1, and the shared bound on ||V, (Yn )| - and [|Vi » (Yn)|
in (E.1b), Proposition E.1. It then follows from the decomposition F,, = F,, + A, in (4) that

P3O < 5 dsov (I (X5 + 140 (X5 )
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1750l < 3808w 1o (1 X5 ) . i€ 0.1

and hence,

(P;)t*<\/>A Aav(( (XN)) +(Ag(-,X]V)>t*), (P;*)t* \/>A A3V<F (,XJ*V))#.

Applying the Minkowski’s inequality for q € {2p, 4p}
71'0
)

1(P2) 1 = amatan (| (o) 1 (0 300),

w0 _
(7)1 < f5a0mon (5 . xi0),
Therefore, we conclude that

S ((Pr), [ = 5o (2 x00) 7+ (30 0, [

] (),
i€{o,04} t
for q € {2p,4p}, thus establishing (C.19b) and concluding the proof.

0
T

q

L
b
q

q

O
Next, we provide a result that is essential to the proof of the main results of the section.
Proposition C.5 Consider the following scalar processes:
t t
NT(t) = / e M,y ()N (v, X5,) dv, Nj(t) = / eV My (1, v)F) (v, XY ,) dW,,
0 0 (C.25)

t t
N3 (t) = / VM (1) (v, XY, ) dv, NY(t) = / e M, (t,v)F (v, X7, ) dW,,

where

t
W(tv) Z / BA=Bpr (8)TdB,  M(t,v) = / e@A=8 [PL(B)dW; + Py (B)dW5]

for 0 < v <t <T, and where where P}, (3) € R™, i € {1,2,3}, and P}(B), P, (8) € R™*% are defined in the
statement of Proposition C.3.

If the stopping time T*, defined in (29), Lemma 3.1, satisfies T = t*, then we have the following bound for all
pec NZl.'
2Xt*

0 20" 0

3/ (%), < e [(whexi0), 7+ S| (s x0), |
N ij” [(Pzrrc.xn)T). H: . (C26)
where
3 "
alZIem L) e 3 e,
T(t*):(gzp—l)él S[(7e) ) + 20 o0 - 12
Py p 9 2V Pt i) i llgp P P ze{oa*} 4p

Proof. We begin with the process N{ and use the definition of M, to obtain
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t
/ e“V M, (t, Z/)ALL (V, X]T\,W) dv
0

3
Sy
i1 te(0,t*]

(Nf) = sup
t* tef0,t7]

Y

t t
/0 e“"”/y e(2A=w)B [’P;i(ﬁ)]TdﬁAﬂ (1/, X]TVJ,) dv

which can be further bounded as

[ [ e w)fdm (0 X5 )

/ / (2A— w)ﬁdﬂdl/
Solving the integrals in the above expression ylelds

/ / A= g8y (P) *(A‘;(.,va))t*
[ e (e emomyan (m), (a6 x00),
0

(N{"> S sup
t* 1 t€[0,t]

sup
te[o ]

( T”)t* (Al“ (.’X;V))t*'

(), <32 s
tr ST telot]

1
_— sup
|2/\ w| =1 t€10,t*]

1< 1 1
m t:gg] e(2A—w)t (e*t —1) o (eQAt —-1) 2)\‘ (P;)t (AL'L ("XJTV)>t*
R A i
< o0 2 (), (A 6x00).

where we have used the following to obtain the last inequality:

2A(1—e ) —w (1 — e‘”‘t)
2 \w

sup
te[0,t*]

1 1
2A—w)t (L wt ([ p2At -« 22Xt
e (e 1) 5 (e 1) 2)\' teb[lgg*] (e

)

< 2N 12X — w|
- 22w
Using Minkowski’s inequality one sees that

J(50), 172 S P, (o x0),

!

p

(i) 62/\w ;H( ‘“)t*

where (%) is a consequence of the fact that ¢* is a constant, and (%) is due to the Cauchy-Schwarz inequality.

‘(An XN)H;, (C.27)

Zp‘

Next, from the definitions of M, (¢, ) and Nj we obtain
t
N3 (t) = / eV My (t,v)F,) (v, Xy,) dW,
0
3 t t T
=30 [e [ (pr ) sl (v X,
i=1"0

_ Z/ / e(2>\ w) pr (ﬂ)]—r ey [Fg (V, XJT\‘[_’V) Om,d] dﬁdWV’

where recall from Definition 6 that Wt = [(Wt)T (Wt*)T]T € R??. Using the definition of Py,, in Proposi-
tion C.3, and the regularity assumptions in Sec. 2.2, it is straightforward to show that P, € Mbe (R™|20, x 207)
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and [F) (v, X}y ,) Om.a] € Mye (R™*24|90, x 207). Therefore, we may apply Lemma B.1 to the right hand side
of the previous expression and obtain

3 t v
Ny =% /0 e@ = [pr ()] ( /O B [FC'J (B,Xj\,ﬁ) om,d] dWﬁ) dv € R.
i=1
Note that N} (¢) can be cast in the form of the process N (¢) in Lemma B.3 by setting
Qt = /Wt c de (nq = Qd), %t = Qﬂt X m:, 91 = 2A, 92 = w,

3
S(t) = _Py.(t) € MY (R™W, x W;), L(t) = [F) (6, XN,) Oma] € ME(R™H20, x 207) .
i=1
It then follows from Lemma B.3 that

0 p—1\2 M & .
), 17 = (255 e S0,

0
T

(P (. x3%))

7r*
2p t* ll2p

1 * 3 0 0

J2p — 1\ 2 e2M L L
< (p? (e | lFreoxm) |7 s
= <P 9 ) 2)\\/5; Hi ) 2% o( N) 1l 4p ( )

where the last inequality is due to Jensen’s inequality.

Next, we consider the process N (¢) given by
t
NI(t) = / e M, (1, )A!, (v, XY, ) dv
0
t t
— / eV </ e(2A—w)B [’P;(ﬂ)dW/a + P, (B)de]T) AZ (1/, X}”VW) dv
0 v

t t
:/ / e“”’AlL (V, XJ7§,71,)T e(A-w)B [’P;(B) P, (B)] dﬁ/\gdy.
0 Jv

Using Lemma B.1, one sees that

t v
N3 (t) = /0 /0 eP Al (ﬂ,X}’V)B)Te(”“")” [Pr(v) Pr.(v)] dBdW,

t v T P
- / (A= < / ePA! (@X&;;)dﬂ) [Prw) P ()] AW,
0 0

Note that V3 (¢) can be cast in the form of the process N (t) in Lemma B 4 by setting
Qi =W, eR*(n, =2d), F=2, x W, 0, =2\ 0=uw,
S(t)=A, (t, Xy,) € MY (R™2W, x W;), L(t) = [Pr(t) Py (t)] € ME* (R™**I20, x 207) .

Therefore, we use Lemma B.4 and obtain

& 22" | 0 R
[(%),.]l, =2 s (s 2e) [, (e xi),
23t 0 0 0
<2570 (102,15, + 1), 0 ) N exw), 1 2o

where the last inequality follows from the Minkowski’s inequality subsequent to the following manipulations using
the definition of the Frobenius norm that

IP5t) P51 = (Pe @I+ P2, 0I}) " < V2(PsOIle+ [P, Ol
and thus
(P20 Pr]), = sw P50 Pl < s VE(IPEOI-+ P70 )

t* teo,t*]
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<¢§< sup_ Pz @l + sup HPZ;*(t)HF> . (C30)
te[0,t* te[0,t*]
Finally, consider the process Nj (t) given as
t
N(t) = / e M, (t,0)E) (v, X7 ,) AW,
0

/ /em B [PL(B) AW + Py (8)dWS] | Fl (v, Xk,) AW,
.

- /0 e ( / (x-)3 [Pr(g) Py (8)] d%) (F) (1, X5,) Ond] diW,,
which can be cast in the form of the process N (t) in Lemma B.6 by choosing
Qi =W, eR¥ (n, =2d), F =0, xW;, 6, =2\ 6 =uw,
Li(t) = [Ps(t) Py, (1)] € MY© (R™2|90, x 207)
Ly(t) = [F) (£, X%,) Om,a] € MY (R™*24)20, x 207) .
It then follows from Lemma B.6 that

().,

20 At

Cswiup- 1t (7 Pi)

0
Tr’( Tr’(

(7 ex0),. .
T s,

t*ll4p

0
Ty

P
Using (C.30) on the first term on the right hand side produces

(), <0 o0 S 7).+ (),

0 0
T i

(R xR)

4p

t*

4p

S ()T,

0
Ty

P
Using the Minkowski’s inequality then leads to

(), " =202 o -2 S ((|(72),

0
Ty

S (AR TGN

Vme 20t H ( I T
v "EF . X )
+ QA Pa o ( N) .
The bound in (C.26) is then established by adding together (C.27), (C.28), (C.29), and (C.31)

0
Tr*

(C.31)
p

Similar to the last proposition, the following result establishes the bound on the input to the reference system.
Proposition C.6 Consider the following scalar process:

t
N () = / e My (t,v) (A, (v, Xi,,) dv + F) (v, Xi,,) dW,) , (C.32)
0
where
t
Mu(t.v) = [ Py (0)Tds,

for 0 < v <t <T, and where where Pj;(3) € R™ is defined in the statement of Proposition C.3.

If the stopping time T*, defined in (29), Lemma 3.1, satisfies T = t*, then we have the following bound for all

p e N>y
o o 2
), <oyf32300r 5 (S5 (hc350), (i), ) - e
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Proof. We begin by decomposing the process Nj; (t) as follows:
Ny (1) = N, () + Ny, (1), (C.34)

where

t t
N, (1) = /0 e My(t, )A! (v, X3y, ) dv, N, (1) = /0 ¢ My (t,0) L (v, X)) AW,

Now, consider the process N&l (t), which, using the definition of M, can be written as

t
N (1) = / e My(t, )A! (v, X3y.,) dv
0
t t
= [Fe [ e py e Tapn (v, X5, ) v
0 v
/ / ePA=Bpr(3)TA), (v, XY,) dBdw.

Since the integral above is a nested Lebesgue integral with ¢-continuous integrands, we may change the order of
integration as follows:

Ny, (t

1

/ / wr A= (3)TAL (v, XY ,) dvdp

B
:/0 6(2/\—0’)573&@)—'— </0 e“”’A/‘L (u, XX[’V) du) dg
t v
= /0 A= pr ()T ( /O e“PA), (B, XN 5) dﬁ) dv, (C.35)

where in the last integral we have switched between the variables /5 and v.

Next, consider the process N7, (t), which, using the definition of M, can be written as

t
Nlrlz (t) = A WV]\I ( ) (1/ XN ”) dw,
= /t /t (e(QA—w)BP&(B)T) (ewVFg (y7 X;[’V)) dﬁdWl,
0o Jv
- /t /t (6(2/\7w)573&(ﬂ)"r> (e [F) (v, X%,) Om.ad)) dBdTV,,
0 Jv

where once again recall from Definition 6 that W, = (W) wH'] T e R, Using the definition of P}; in Propo-
sition C.3, and the regularity assumptions in Sec. 2.2, it is straightforward to show that P, € M (R™|20; x 207)
and [Fg (v, erv,y) O] € MEe (R™*241913, x 207}). Therefore, we invoke Lemma B.1 to obtain

i
lelg(t) :/ euVMU(tay)Fol" <V7 X;V,u) dWV
0

t o
:/ ( 2r—w upr / wﬁ Fll 5 X% ) 0m7dDdW5du
0
/ e(QA w)urp7 ) (/ ewBFJ (BuX;NV,B) dWB) dv. (C36)
0

Substituting (C.35) and (C.36) into (C.34) yields

t v
N (t) = /0 ePA=@rpr ()T ( /0 e“P [N, (B, XN ) dB+ Fy (B, XN .5) dWﬁ}) dv. (C.37)
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‘We now obtain the following expression by using the definition of P}, in Proposition C.3, followed by the definition
of U" in (23) for the truncated process (27):

Pi(t) =g(t) Ve (Yn,0) g(0) U]
=g(t) Vi (Vi) 9(t) (Fuly, (5 XR)E+ FnwFy (- XN), W)

t t
—g(t)TVis (V) o) (w | e Xs ) o= [ IR (nX) dw,,)

t
_ w67th(t)T‘/7«,r (Yn) g(t) (/ W [A;‘L (1/, X]TV,V) dv + Fg (I/, XFV,V) dWl,]) .
0

Substituting the above expression into (C.37) produces

t v T
NI(E) = —w / 20— ( / 7 [AL (8, X%.5) dB + F (8, X% ) dwﬁ}) 90) Vi (Vi) 9(0)
0 0
x ( /0 T e (A}, (B, X}.3)dB+ Fy (B, X} 5) dWB}) dv. (C.38)

Observe that N7, () can be expressed as the process N (t) in the statement of Corollary B.1 by setting
Qi =W, eR¥ (ny;=2d), F =W, x W, 6,=2X 0O=uw,
R(t) = —wg(t) Vi (Yive) g(t) € My (S™2, x 07),  S(t) = Ay, (8, XRy,,) € My (R™[20, x ;) ,
L) = [FY (4. XR) Ona] € M (R™3)20, x 207)

Furthermore, as a consequence of Assumption 1 and (E.1b) in Proposition E.1, we may set Ag in the hypothesis of

Corollary B.1 as
n
AR = \/gAzAavw

Hence, the proof is concluded by applying Corollary B.1 to the process N, (t) in (C.38), thereby producing the desired
result in (C.33).

O

The next lemma establishes the bound on =".

Lemma C.1 If the stopping time 7*, defined in (29), Lemma 3.1, satisfies T* = t*, then the term =" (7(t), Yn) defined
in (31), Lemma 3.1, satisfies the following bound for all p € N>;:

}(ET(.’YN))? :9 <o (AAEIJF fg) (C.39)
where
AL, :%H@T (YN))“ :p (A/f (~,X}§,))t* ;i”@ H, (',YN)V2V(YN)]>H :
s, =2 (1 0m), [ 1 o) w2 0 0m), [ o) -

Proof. We begin by writing

7(t) 7(t) -
= (T(t), YN) = / 62/\V L (I/, YNJ,) dv + / 62/\V [(bg (V7 YN,IJ) ¢§* (Va YN,V)] dWl/7
0 0
and thus

+ sup
t€[0,t*]

t t
/ 62/\1/925; (Va YN,V) dv / 62/\V [¢Z (Vv YN,V) ¢g* (Vv YN,V)] dW,|.
0

(ET('aYN)) < sup |

o tefo,t*]
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Using the Minkowski’s inequality one sees that

0
0 ¢ i
‘(ET(-’YN))“ ; < fs[lélt)] /o 62)\V¢Z(V7YN,1,)CZV
t€[0,t*
t e ”2
+|| sup / M0, (v YNw) ¢, (1, YN, dW, (C.40)
tef0,t*] 1J0

p
Using the definition of ¢j, in (32), we obtain

t
/ 62/\V¢Z (v, Yn,)dv
0

¢ 1
= /O e (V, (Ynon)' gW) A (v, X ,) + 5Tr (Hy (v, Yn,) VYV (YN,V)]) dv,

which implies that
t
/O 62)‘V L (1/, YNJ,) dl/
t i 1
< /O o2\ (||Vr V) l9@)| HAi (v, X}V’t)H + 3 ’Tr [Hy (v,Yn,) V2V (Yn)] ‘) dv

t 1
< /0 o2 <Vr (Yno)ll A, HA;JZ (1/, XJTVt)H + 3 ‘Tr [Hg (v, Yno) V2V(YN,V)] |> dv,

where we have used the bound on ¢(t) from Assumption 1. We develop this bound further as follows
t
/ €2>\V¢L (v,Yn,)dv
0

([ va Ag(w(YN)) (Aj(~,X}§,)> +1(T1'[Ha('aYN)v2V(YN)])
o ¢ ¢ 2 ¢

62)\t

< S (8 0m), (a5 (x00), + 5 (1o (130 727 () )

where in the last inequality we have used the strict positivity of A € R+ . Hence,

t
sup / N GT (1, Yiy,) dv
te[o,t*] 1J0

*
82)\t

<o (Ag (v w) | (Af CxR) + %(Tr [H, (-, Yy) VQV(YN)])“> .

Since t* is a constant, it then follows that

sup /t 62’\”¢Z (v, Yn,)dv N
tef0,t] [ Jo
(i) e2M" n - ™1 9 L
S G RIS N AES (CIEARCASLRIN
2 o 05 [ 30, [ S v, ). o

where () and (74) are due to the Minkowski’s and the Cauchy-Schwarz inequalities, respectively.

Next, using the definitions of d)f,* and ¢, in (32), we obtain
t —~
/ N gn (v, Yn,) 6. (v, Yn,)] dW,
0
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t
= [ ) g B X5,) V(0 B (0 X2)] dTT.
0

The regularity assumptions and the t-continuity of the strong solutions X, and X5, imply that

(07 (v, YNw) ¢y, (v, YN)] € Mye (R*24)20, x 207). Thus, we may use Proposition B.1 and the strict pos-
itivity of AinR~( to obtain

t
/ (05 (W YNw) G, (v Ynw)]

0

sup
te(0,t*]

p

Sm\/;MH([W(YN)TQLFj(-,X{V) V*(YN)TFU(HXRI)])“H:S' (C42)

Next, observe that

H[ (Yive) T g FL (£, X%, V*(YN}t)TFU(t,XQ)}H

y

1
2>2

e (YN t) F, (t, X})

- (Vi) g0 Fy (1 X5 )

<va (|

o (YN, t) F, (t,X})

- (Yn) " gt Fy (8, XK )

).

and thus

(v )T g B (. X5) Vi (Yw) T B (£ X30)])

>

= sup ||V o) "oty E (6 X5 Ve i) e )|

te|0,t*
< s VE([V v T o0 B (1 X5 [+ Ve 0 e X0 ]).
te[0,t*

Hence,
(Ve )T g (X5 V(v Es (G X3)])

< ﬁ( sup + sup ||Vi (Vi) Fo (£, X5,)

Vi (Ya) T g F (. XY,)
te(0,t*]

)

<\T<AJ‘ sup ||V, (Yn)|| sup ||F;‘ (t,XJT\Lt)H—F sup ||[Vi Yn)|| sup ||F,, (t,X]*V,t)H),
te[0,t*] te[0,t*] te[0,t*] te(0,t*]

te[0,t*]

where we have used the bound on g(¢)* from Assumption 1. It then follows from the definition of () that
t*

(0 W) g F (X5 Vi (vw) T B (5 X5)])
<v2 (2 (vevw) (B (X5) + (vem) (B (XR)) )
Using the Minkowski’s inequality, one sees that

0
T

H( (Yn) g FE (L XY) Ve(Yw)' F, (~,X;V)])

t*

<Vv2(a ( o) (B x0), :2+H(V*(YN))*(F(,(-,X;,))
§x/§(Aj H(Vr (YN))t* ™ KFj (.,va))t* +H( YN)L x

2p
where the last inequality is due to the Cauchy-Schwarz inequality. Substituting the above into (C.42) yields

P

0
t*llp )
0
|(Fs xm)

2p

™

0
e
)
2p)
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770
t *
sup /A (05 (v Ynw) &, (. Yi,)] dW,
tefo,t*] 1J0 b
2,peM | " " TN (= )
< VP (A H V(Y FL(, X% H V(Y E, (- X% . (C43
-V g ( ( N))t* 2p ( o N))t* 2p+ ( ( N))t* 2p ( ( N))t* 2p ( )

Substituting (C.41) and (C.43) into (C.40) and re-arranging terms leads to (C.39), thus concluding the proof.
O

We next derive the bound on =7, in the following lemma.

Lemma C.2 If the stopping time T*, defined in (29), Lemma 3.1, satisfies T* = t*, then the term =], (7(t), Yn;w)
defined in (31), Lemma 3.1, satisfies the following bound for all p € N>

w0 6(2)\+w)t*

| (Bt Cvwew)) LS ooy Bl + VAL, FwAy), (C44)
where
. AL (1) ™ I r i
AL :< A (1 V2Re) [[(v 0w 2p> (85 cx),
(), (130,
+\/§"A3AAW[EW9 :(AL (.,X;V))ip: g
Al = (N?f*)m%mmu(w (¥v),. > [(r2 ), |1
Ay, = g H(PgFj (~,X}§,)T)t* :2 + gpQ@p _21;A‘2’A6V[Eﬂ9 (Fg' (nX}“v))j*p: "

and where the function P} (t), and the constants Al (t*) and Al (t*), are defined in the statements of Proposi-
tions C.3 and C.5, respectively.

Proof. We begin by recalling the definition of ¥ (7(t), v, Yy) from (33)

w

Y (r(t), 1, Vi) = 5

(e“’(T(t)*”)PT (t(t),v) — AT W), (YN,T(t))T Q(T(t)))

2
2\ —w

which, upon using the decomposition (C.14) in Proposition C.3, can be re-written as

e(wT(t)+2)\z/)VvT (YN,V)T g(V),

. w w(T v T wVv T
W (D), 1Y) = 35— (e2TOTIPL ((8),v) = PO, (Viyp)  g(r(1)))
W w(r(®)+r) pr _2A (wr(taa) T
e ORI (7(0),0) + e Vo (Ywa) o)
We thus decompose 9" (7(¢), v, Y ) in (33) as follows:
3
YT, YN) = > (), 1, YN) + Ulg(r(t), v, Yi) € RV, (C.45)
i=1
where
T w w(T v T
1/11 (T(t)v v, YN) = me )+ )Po (T(t)v V) )
T w T wv T
Yy (7(t), v, YN) = *me(”‘ Oy, (YN,T(t)) g(7(t)),
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2

e (wT(t)+2Av) T
e v ) g0,

Y3(7(t), v, YN) =
and

T w w(T 17 T
ad(T(t), v, YN) = o TOrIpr, (r(t),v).

Next, using the definitions of U}, (7(t),v, Yn;w) and U (7(t), v, Yn;w) in (32), the decomposition in (C.45) pro-
duces the following expression:

3
U, (r(t),v,Yn;w) = <Z YI(T(), v, YN) + 0L (T(t), v, YN)> AL‘L (1/, X}\',’l,) €ER,
i=1

3
UL (T(t), v, YN;w) = (Z LT (), v, YN) + 9L, (7(1), v, YN)> F) (v, X},) € R

Then, we may re-write =7, (7(¢), Yn;w) in (31) as

7(t)
=y (7(8), Y, w) :/ (Ul (t(t), v, Yn;w)dv + UL (T(t), v, YN;w) dW,,)
0

3. ()
=> GI(T(t), v, YN) [A) (v, XN,) dv + F) (v, Xk,,) AW, ]
=170
7(®) r Il r Il T
] ra(T(t), v, Yn) [A) (v, XN,) dv + F) (v, Xy,,) AW, ]
and thus
(E{/{(.,YN;W)) sup /1/1 (t,v,Yn) [A), (v, XN,) dv+ F) (v, X} ,) dW, ]
t* =1 te[o t*]
+ sup / Vgt v, Yn) [A), (v, XR,) dv+ F) (v, X},) dW, ]|
te[0,t*]

Applying the Minkowski’s inequality produces the following bound:

[CARCEN

0
Ty

P

3 ™
< Z sup / it v, YnN) A”L (1/7 XJTVJ,) dv + F! (1/, X}{,,y) dWV}
im1 ||t€0,t*]
P y
+ Sup] / Vgt v, Yn) [A), (v, XR,) dv + F) (v, X} ) AW, ] (C.46)
tE 0,t*
P

Next, using the definition of 1] in (C.45) produces

sup
te[0,t*]

t
/ it v, Yn) (A, (v, Xy ) dv + F) (v, Xy ) dW,]

w
sup

t
wt wr T Il r Il r
S @l reton | /06 PL(tv) (A (v, XN,) dv+ F) (v, X} ,,) dW,]

wewt

sup

t
= r ol e, /Oe“”’Pg (t,0) [AL (v, X7,,) dv + F) (v, X%.,) dW, ]| .

Since t* is a constant, we conclude that
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s

/wltVYN (VXNV)dV—I_F”(VXNV)dW]

sup
te[0,t*] »
0
wet’ t -
<—1|| sup / e Pl (t,v) [AZ (v, XN,) dv+F) (v, X} ,) dW,] (C.47)
|2\ — w tefo,t+] 1o ’ ’ .
Using the definition of P} in (C.15a), one sees that
t
/ eV P (t,v) [A) (v, XN,) dv+ F) (v, X},) dW,] ZNT ., Ytelo,T],
0
where the processes N7 (), € {1,--- ,4}, are defined in (C.25) in the statement of Proposition C.5. Hence,
0]
t T 4 70
sup / e Pr (tv) [AL (v, Xi,) dv + FL (v, X3,) dWL || <30 H (~v) |
tefo,t*]1Jo ’ ’ i=1 e lp
thus allowing us to write (C.47) as
7_{_O
/t | | ( % ) aw ] wt* Z N TTS
sup Vit v, YN) A, (v, Xy, )dv+ F) (v, Xy, y H( T) .
te[0,4] i ) [ “( N, ) N, |2/\ w| &
It then follows from Proposition C.5 that
7_{,0
sup / Tt v, Yn) (A (v, Xy ) dv + F) (v, Xy ,,) dW,]
te[0,t*]
P
(22 +w)t* \/_ (22 4w)t* 0
e we .
< — AL (t (A” S X ) Y AL (t ‘(F(J L X )
A oth O (exn), [ e ane (7 exn), [
wy/me (2A+w)t* - T w0
ovme™ N (prE! (. x% ) H . (C48
2A 2\ — w] H(P“ 7 (XN t+llp ( )

Next, using the definition of 5 in (C.45) we see that

t
sup / Ut v, V) [AL (v, X5, ) dv + FL (v, Xk,) dW,]

te[0,t*]

w62)\t* t o T I r I .
|2>\ 22— o] o] /Oe Vi (Ynr) 9(r() [A), (v. XR,) dv + F) (v, X} ,) dW, ]

*
weZAt

L —
22— w|

A, (Vr (YN))t* t:{l&};}

t
/ e [A), (v, X} ,) dv+ F) (v, X},) dW,]
0

where we have used the bound on ¢(t) from Assumption 1. Developing the bound further leads to

sup

t
/ (v, Yn) (A (v, XR,) dv + F) (v, XY,) dW,]
te[0,t*]

we”‘t*
< — A (V YN ) sup
12\ — w| I r (Yw) t* \ tef0,t%]

Using the Cauchy-Schwarz inequality one sees that

t t
[ e wxz) i)+ s | [ ern wxg,)aw,
0 0

te[0,t*]

) |

sup

t
/ s (tv, Yn) (A, (v, Xi ) dv + F) (v, Xy ) AW,
te[0,t*]

62



L1-DRAC: Distributionally Robust Adaptive Control

Global Results
(0]
we2At* t ¢ T,
< —A, (VT (YN)) sup / e“’”AL (1/, Xy l,) dv|| + sup / e“VF) (V,X]TV V) aw,
12X —w| t* \tefo,t4] 110 ’ tefo,t*] 1lJo ’ »
weAt* 0 t |
< — A (V,. YN> sup / e“VA, (v, Xy ) dv
2A —w] 77 (¥w) tx2p || \ tefo,t*] | /o H( N )
7_{_O
t *
+ sup /EWVF(! (V,X}”VV) aw,
tefo,t*] [IJo ’ 2p
It then follows from the Minkowski’s inequality that
7_{,0
t .
sup / 5 (t, v, Yn) [AL‘L (V, XITV’,,) dv + F(',‘ (1/7 X]TV’V) dW,,]
tefo,t+] |Jo ,
0
weAt* 0 t | T
< —A (V,. YN) sup / e“YA, (v, Xy, ) dv
2A —w| 7 (¥iv) t*ll2p \ |ltefo,t*] ||Jo M( N ) )
D
71,0
t *
+1| sup / eV E) (v, X},,) AW, (C.49)
tefo,t*] 1lJo ’ 2p

Now,

t t t
‘ / e A, (v, Xiy,) dv|| < / eV ||A), (v, Xi ) || dv < (/ e“”’dy) (A/‘L (’va))
0 ' 0 ’ 0 t

where, in the last inequality, we have used the fact the strict positivity of w € R~ (. Therefore,

%(AE‘ (.’XJK’))t7

IN

*

t wt
sup / e“”’AL'L (v, Xy,)dv| < £ (AL (- X]T\,)) .
tefo,t*] 11Jo ’ w t*
Since t* is a constant, it then follows that
¢ T et )
sup / e“’”AEL (v, Xy ,)dv < — H (AZ (- X]TV)) . (C.50)
tefo,t+] 1o ’ w t~1l2p

Next, observe that the regularity assumptions, along with the ¢-continuity of the strong solution X7, ,, it is straight-

forward to establish that F) (-, X}) € MY< (R™*420,). Therefore, we may use Proposition B.1 and the strict
positivity of w € R to obtain the following bound:

w0 1
t * 2wt* 2 0
-1 . T
s || [ e nxi am | < 2vamys ()| (2 xs0)
tefo,t*] 1o ' 2p w t*1l2p
< Qﬁm\ﬁe“’t* L xr 70
> \/— o ( ’ N) .
w t* 112p
Using Jensen’s inequality one sees that
0 1
t B Q20" _ 1\ 2 0
sup / e“VF) (y7 X V) dw, < 2\/§m\fp () (Fcﬂ (- XITV))
tefo,t+] 1lJo ’ % w t~ll2p
wt*® 70
< M H(FJ (-,XJTV)) (C.51)
\/5 t*l4p

Substituting (C.50) and (C.51) into (C.49) produces
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s

/thVYN (VXNV)dV—I_F”(VXNV)dW]

), I

2
e, (1 0),

sup
te[0,t*]

p
(2/\+w

] Ay | (v m),

s

(F2exR)) Hzp . (C52)

2p

Next, using the definition of ¢4 in (C.45) we see that

t
/ Ut Vi) [A (v, X5,,) dv + F) (v, X%,) dW, ]

sup
te(0,t*]

2het”
sup

t
= 2= wl o /emu‘(YN’”)TQ(V) (A (v, Xk,,) dv+ F) (v, X5,) dW,] |
6 *

0

Applying the Minkowski’s inequality then leads to

s

t
/ Vs (tv, Yn) (A (v, Xy ) dv + F) (v, Xy ) AW,

sup
te[0,t*] »
7'(0
2)\6“’“ t 2\ T -
< V‘/T Y, y A” ,XT d
|2)\ OJ| Surt)*] / € ( N,) g(y) " (V N,u) v
P
(0]
2t Lo T I ’
+ ——— || sup / eV (Yno) gWw)F, (v, Xy, (C.53)
12\ — w te[0,t*] ( ) 9) ( N, )

Upon performing similar manipulations to (C.50) and applying the Cauchy-Schwarz inequality, we obtain the follow-
ing bound:

0]
Ty

t
/ 2V (YN’,,)—r g(l/)ALL (u7 XJT\',}V) dv
0

sup
te[0,t*]

2\ ﬂ—(*’

e

< G (hom), (16 x0),

P
62)\1&* 70 | .

H (Aﬂ (., XN))
t*ll2p t*

< 2o (% 0)

7_‘,0

(C.54)

2p

Next, we may write

t t
| e )T g0IF (0 X5 ) AW = [NV (V)T g0 [P (4 X5) O] T,
0 0

Furthermore, the regularity assumptions and the {-continuity of the strong solutions X7, and X7, imply that

(VT (Yno) ' g(t) [F) (6, X%,) Om,d]) € Ml (R*24)90, x 907). Thus, we may use Proposition B.1 and the
strict positivity of A € R+ to obtain the following bound:

* O

t
/ Y, (Ya) T g)E! (v, X%,

sup
tefo,t*] 1J/0
e2z\t* 0
<2 A—HVTY F (-, X%
<208, o | (Ve o), (B ¢ xm)),
< 2,pA ﬂH(I/.(YN)) ™ H(F” (- XT’)> Hﬂg (C.55)
= g\/ﬁ s tx llop o ) N . 2p’
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where the last inequality follows from the Cauchy-Schwarz inequality. Substituting (C.54) and (C.55) into (C.53)
produces

s

t
/ i (t,v, Yn) (A, (v, Xy ) dv + F) (v, Xy ) dW,)]

sup
te[0,t*] »
6(2A+w | 71—8
< T
= 2A—w| H( )* (A (’XN)>t* 2p
V2he(2Atw)t” w7 w7
VAT o pA H (Y, F (. X% H . (C56
+ [2A — w] VPA, (V( N)>t* 2p ( o ( N))t* 2p ( )

Finally, using the definition of ¢ ; in (C.45) we see that

t
/ V(v Yn) (A, (v, XR,) dv + Fy (v, Xy ,) dW,]

sup
te[0,t*]
wet” sup /te“’” r () [A” (v, XK,)dv+F) (v,Xk,)dW,]|,
|2/\ w‘te[Ot* 0 N v
and thus
L
sup / i (t, v, Yn) [A“ (v, X%.) dv + F) (v, X%,) dW, ]
te[0,t%]
g 0
wewt” t ™
< 2 | sup / VP, () [Az (v, Xy ,)dv+ E! (v, Xy ,) dW, ]
12\ — w| tefo,e+] 1Jo ’ ' »
‘ITD
we!” ! wr ! (2A—w)B T I I ’
=——| sup / e / e PL(B) dp [A# (v, X§,)dv+F) (v, X}, ) dW,] ,
12X — wl ||te(0,+1 1o v 7 ’ p

where, in the last expression we have used the definition of P ; in (C.15b), Proposition C.3. Observe that the last
inequality can be expressed as

™

/wgtl/YN (VXNV)dV—i_F”(VXNV)dW]

sup
te[0,t*] »
7_‘_0
wt* t t *
< 2 |l sup /ew (/ 6<2Aw>ﬁp&(ﬂ)Td5> (A}, (v, XK ,) dv+ F) (v, X} ,,) dW, ]
12\ — w| tefo,t+] 1o v ' ' »
wewt” L
= ee— N7) 5
|2)\—w|H< Ul

where the process IV}, is defined in (C.32), Proposition C.6. Thus, we invoke Proposition C.6 and obtain

0
t Tx
S[up] / V(v Yn) (A (v, XR,) dv + F) (v, XY,) dW,]
tefo,t*
P
2
wertt fpt I L 2 — 1\ 2 | . ™
S2A\2>\—w|p 28RV (fH(A ) 2p+(p 2 > (Ff’ (X ))t* 2

6(2)\+w)t* ) |
T o 2a—w|? AA‘W H(A XN))

It then follows from [1 10, Prop. 3.1.10-(iii)] that

S () ()
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s

sup
te[0,t*]

/wgtVYN (VXNV)dV—I_F”(VXNV)dW]

p
6(2/\+w . Qp% 2p—1 , Qp%
o \[A Aav( 0 {(AL (.,XN))J +wp=—Eq {(Fa' (.,XN))J . (C57)

To conclude the proof we substitute the bounds in (C.48), (C.52), (C.56), and (C.57) into (C.46) and obtain the desired
bound in (C.44) upon grouping terms that are o {w, /w, 1} /[2X — w|.

O
Next, we derive the expressions for the terms that constitute the bound in Proposition C.5.
Proposition C.7 Suppose there exists a strictly positive o € R such that
2p* *
Ero [ s [ XN = X p] < 0%, (C.58)
0,t*

where the constant t* is defined in (29) and p* is defined in Assumption 3. Then, the following bound holds Y N> >
p<pr

n ~, NS
5= e (/58T + 85 IVV0.0)1) + VP, Aov B

AT
+v/2npA g Agy A 2o, (C.59%
npAgAgy Qﬁg ( )
r * 32p_1 2 1 n AT 3 3 AT
P, (") < | p "2 ) an 58981+ 4y IVV(0,0)]| ) + (2np°(4p — 1)) * AgAav Aj
1 % —1\7? AT
+(2nP3(4P—1))2A9A6VAo\/§+(p3 = ) o5 C)

7"2 n o~ .~ n —~ —~
< \/;AgAaVAZAZ + \EAgAaV (a-25, +A4%) veo
P
-‘r\/ZAgAaVAGAI;Q, (C.59¢)

where AL (t*) and Al (t*) are deﬁned in the statement of Proposition C.5, P? is defined in Proposition C.3, and
where the constants Al, AS, Ag, AZ, and A4w are defined in (A.1), Appendix A.

|(Pers (. x30)7)

+*

Proof. We begin with the term ATPH defined in Proposition C.4 which is defined as

w0 79 0
= ) ), | 00,
b= (B X)) o (B x0) L+ [ (A x00)
Using the bounds (E.4b) and (E.4c) in Proposition E.2, we obtain
Ap, <A+ A,) A +A)+(Ar+ Ao (C.60)

Next, we consider the term A, (r,s), (r,s) € {2p,4p} x {2p,4p}, defined in Proposition C.4 and use the bounds
in (E.5¢) and (E.5e), to obtain

Ap_(4p,2p) < 2A2 + (Aa (1+A,)7 + Aaf) 2 2A2 +2A2 (14 A,) + 242, (C.61a)

{ATPU (2p,2p), A%, (4p, 4p)} <2A,+ A, (14 A*)E + A,/0, (C.61b)
where (*) is due to [1 10, Prop. 3.1.10-(iii)]. Next, recall (C.19a) in the statement of Proposition C.4:

3 0
Tr*
'
Z H (P’“)t* 2 =
i=1 P

0
T

\/ZA (AavAp + AanA’P (4p,2p)> Ay H( YN))t* 2%
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Using (C.60), (C.61a), and (E.3) in Proposition E.2, one sees that

[N

Similarly, from (C.19a) and (C.61b), we obtain
H( ) \f AgAov AL + \/EAQAWAM/@. (C.63)
{2p,4p} 2

i€{o,0.}
Now, recall the definition of A% (¢*) from the statement of Proposition C.5:

1= 5z (S100). 1) v (2 16,

i€{o,0.}
which then leads to (C.59a) by using the bounds in (C.62) - (C.63).
Next, recall the definition of A%, (t*):

1 3 0
2p—1\2 1 T

= (725) 2 (2160)
A e I P AN

which yields (C.59b) upon substitution of the bounds in (C.62) - (C.63).
Finally, the definition of P} in Proposition C.3 and the submultiplicativity of the Frobenius norm imply that
r AT

ey x50 <IP5 e

_||g T’I“(YNt)FO' (t,XJTV,t)HF’

0
Ty

< 38,81+ 8 [V (0,0)] + B (C62)

2p

0
Ty

2p

0
T

[N

)

R

i€{o,0.}

4p

Fo"l (thXf,t>T‘ P

(t XNt) HF’

and thus, using the bounds on g(¢) and V,. - (Y ¢) in Assumption 1 and (E.1b), respectively, produces

FOF) (X8| < I9® e Ve vl [ Fo (8550

S\/ZAQA(‘}V HFO' (t,X]7§/'7t>|‘F ’

Fo"l (thX/'J)THF

Ut X HF vt € [0, 7).

Hence,

(Pers (x0)) < 3o (£ ox00) (R X0)T)

It then follows from the Cauchy-Schwarz inequality that

[(Porscoxs™), [ =y auor (5 x), (k2 xi07),
g\/EAgAaVH(Fac,X@))“ (7 exp)”),

The proof is then concluded by observing that one obtains (C.59¢) by substituting the bound (E.5b) into the inequality
above. O

The following result derives the joint effect of the bounds in Lemmas C.1 and C.2.

Lemma C.3 Consider the the stopping times 7* and t* defined in (29), Lemma 3.1.and assume that T* = t*. Further-
more, suppose there exists a strictly positive o € R such that

szls[gﬁl X = XNtHZ”] <o, (C.64)
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where p* is defined in Assumption 3. Then, the following bound holds VN>1 3 p < p*:

0
Ty

Jor (=),

T*

™9
[ (zavvien)
p p

< @A) (Az +AGVe+ Ajo+ Ageveo + A 92> » (C.65)

where
AL = Afl + f/% - Wl_w' (AL, + VWAL, +wAL ),
AG = ?}@)\1 + ﬁ (Ag32 + \/JAZ% +wAT©4) ,
AL = A;?I + ?}Q; + |2)\1_w‘ (AL, + VWAL, + wAy),

and where the constants AL, i € {o1,...,05,®1,...,04,01,...,05,®1,...,R3,®1, D2}, are defined in (A.2) -
(A.6) in Appendix A.

Proof. Since 7 = t*, we use Lemmas C.1 and C.2, and the fact that ¢* is a constant, to see that

0
Ty

Jor (),

T

71-0
[ (zavvien)
P p

0
- ewt* Ty

(=), |+ (o)
Az, Ar, 1
A Vi 122 — |

Now, recall the definitions of A and AZ_ in Lemma C.1:

p

< 6(2)\+u)t* ( (AZZI + \/;Altlg + wAZZS>> . (C.66)

roo__ AQ Trg L T WE‘) 1 2 WE
az, =S| (veom) [ (8 oxm) 1+ 3 (e s v vrv ),
7|"J 7|'U 7\'0 7T0
roo_ 1 * L. T * * oo, * *
az, =25 o) (Ve o) (| (R 6oxw) [+ 2| (v o) [ (B 6 x0),
It then follows from the bounds (E.3), (E.4b), (E.5b), (E.5d) and (E.5e), in Proposition E.2, that
AL <AL + AL 0+ A 0%, (C.67)
and
AL, <AL + AL, Vo+ AL, 0+ Ag, 0/0. (C.68)

Next, recall the term AZ,I in Lemma C.2:

i = (P o (1 v (1 0)

) ex0),

S * 2p
oy (v o). (82 o), |

n PAZAGV [ I r 2p]
+\/g)\[E7r9 _(A,u (.ﬂXN))t*_
Using (C.59a) in Proposition C.7, and the bounds (E.3), (E.4a), (E.4b), and (E.5b) in Proposition E.2, we obtain:

Ay, <AL+ AL, o+ AL, 0+ A, 0/0+ AR, 0” (C.69)
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Next, recall the term Aa in Lemma C.2:

7 ATP2( * 71'9 Il r
Ay, = < % +2A me( ) ) 2p) H(F" (.7XN))t*
which, upon using (C.59b) in Proposition C.7, and the bounds (E.3) and (E.5b) in Proposition E.2, produces:
Ay, < AG, + A, Vo+ AL, 0+ A, 04/0. (C.70)

7"2 n p2(2p — 1)A2A3V 2p %
AT, — H( "R (., XE T) n g E, (F“ LXK ) ’
Us — P ) o llp + 9 I 0 o ( N) .
which, upon using (C.59¢) in Proposition C.7, and the bound (E.5a) in Proposition E.2, yields:
Ay, < A+ Ag, o+ A, e (C.71)

0
Ty

b)
4p

Finally, recall the term A7, in Lemma C.2:

The proof is then concluded by substituting (C.67) - (C.71) into (C.66).

D True (Uncertain) Process
We provide the proof of Proposition 3.2 below.

Proof of Proposition 3.2. We consider the case P {Zn, = Zp € Uy} = 1 w.l.o.g. since otherwise 7,y = 0 and the
result is trivial. Furthermore, since Proposition 3.1 establishes the well-posedness of X ;, we only need to show that
X ¢ 1s a unique strong solution of

dXN,t :FN,H (t,XN,t,ULht) dt—i—FNﬁ (t,XN,t)th, Uﬁl :]:E1 (XN), XN,O =Xy Ngo, (D.1)
for t € [0,T], where FN,{N,U} and Fy , -} are defined analogously to Jy 1,0} in (47).
We begin by defining

N(z(t)) :/0 Fn, (v, 2(v), Fr, (2) (v)) dv —|—/O Fy o (v, 2(v)) dW,
=/0 (fv (v, 2(v) + 9(V)Fr, (2) (V) + Anp (v, 2(v))) dv

+ / (v (1, 2(0) + Ao (v, 2(0)) AW, £ € [0, D2)

for any z € My ([0, 73 (T)), R™ | W), where fn, An ., pn, and Ay, denote the truncated versions of the func-
tions f, A,, p, and A,, respectively, and where the truncation is defined as in (45). We now add and subtract F,. (2),
where F,. is defined in (24), to obtain

N(z(t) = / (i (7 2(0)) + 9() (Fer () () = o (2) (0) + o (2) () + A (v 2(0)))
+ / (o (1, 2(0)) + Ao (1, 2(0))) AW,
0
- / (I (0, 2(0) + 90 Fr (2) () + A (v, 2(0)))
+ / (o (v, 2(0) + Ao (v, 2(0))) AW, + / o) (Fey — F) (2)) (0w
0 0
- / Fyv (s 2(0), Fy (2) (v)) dv + / Frv.o (v, 2(0)) dIV,
0 0

+ / 90 (Fer — F) (2) (v, t€[0,T).
0

69



L1-DRAC: Distributionally Robust Adaptive Control
Global Results

We now use an identical line of reasoning up to (C.6) in the proof of Proposition 3.1 to obtain

/ (t,v, 2(v dy+/Mtyz())dW,

+ / 90 (Fe, — F2) (2)) v, t€[0,T], (D)

where My, » are defined in (C.6).

Let us now set x¢(t) = xo, and defined the Picard iterates for (D.1) as

t t
xg(t) = xo +/ Fny (W zp—1(v), Fr, (xr—1) (v)) dv +/ Fno(v,zp—1(v))dW,, keN, tel0,T].
0 0
(D.4)
It then follows from (D.3) that

xp(t) =20 + /0 M, (t,v,xp—1(v)) dv + /0 My (t,v,x5-1(v)) dW,
+/0 g(v) (Fe, = Fr) (=) (v)dv, keN, ¢€][0,7]. (D.5)

Next, we formulate the truncations of the feedback operators F., and F,. in (17) and (23), respectively, to obtain

((Fey = Fr) (r-1)) (1)

= *W/O eI (V) dv = Fu (A (i) () = Fave (Fig G zie) W) (8)

t
—w / - ( Al e () dv + Fly o (v, 21 (1)) dW, — Al (v) dz/) :
0
for (k,t) € N x [0, T]. Writing the expression above in its differential form leads to

dFe1(t) = (—w]?k_l( )+ Al (8 ap 1 (1) — Aly (t)) dt+ Fly , (t, 25 1(£)) AWV, (D.6)
where
Fiee1(0) = Oy Fro1 = (Fzy — Fr) (zr-1).

Since the differential equation above is linear in F, its solution for any stopping time 7 € [0, T] can be computed as
(see e.g. [95, Sec. 5.4.2])

t
Fooit) = e D FE (1) 4w / emw(t=v) (zﬂ AN () du) . (k) eNx[r,T), D.7)
0
where, we have (formally) defined
S) = A, (ae—1(t) dt+ Fy o (tag—1(t) dWy,  (k,t) € N x [0,7].

Since the temporal instances 7, ¢ € N, are constant, and hence stopping times, we may decompose ]?k,l(t) as
follows:

t
fk,l(t)zw/ e—w(t=v) (Zﬂ—[\')v(u)dy), te0,7,), (D.8a)
0

t

Feea(t) = e F_(To) +w / e ) (5~ Ay ) dv), t€(T.,2T), (D8b)

Ts
. o~ t ~
Froo1(t) = e T F_ (iTy) + w / e (t=) (25 AN () dz/) :
iTs

telils, i+ 1)T,), ie{2,...,[t/Ts]}, (kt)eNx[0,T]

~

(D.8¢c)
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Next, we derive the expression for the truncated adaptive estimate A‘]'V (t). Let &1 = Fx, (zx—1), where the operator
F, is defined in (18c). Since we are considering the truncated vector fields, we define the Picard iterates of £ using
the operator F)_ by setting & (t) = 0,, and

an(t) = / (A1) + S 21 (0) + 900 Fe, () () + A (0))
(k,t) eNx[0,T], &=3—a.
Since Ty = Ty — xy, it follows from (D.4) that
Ty(t) = /0 (—As”nfk—l(V) + Inw, k1 (v) + g(0) Fr, (k1) (V) + Ay (V)) dv
— X9 — /0 Fny (W zp—1(v), Fr, (xr—1) (v)) dv /0 Fno (v,zp—1(v))dW,
) ) dv -

t
= —x0+/ (—)\Sﬂni:k,l(y + AN (v)
0

where, we have (formally) defined

Et = AN,H (taxk—l(t)) dt + FN,(T (t7$k—1(t)) th; (kat) €N X [07T}

d /zy, (k,t) eNx [0,7T], (D.9)
0

As before, since the temporal instances i1, ¢ € N, are constant, and hence stopping times, we may write

ik(t):—xo—&-/ (“Ashka(v) + Ay () du—/ S, tel0,Ty), (D.10a)
0 0
t t
(1) ::i:k(iTs)+/ (f/\sﬂni’k_l(u)Jr[\N (y)) duf/ S, te il i+ 1)T), (D.10b)
iTs iTs

for (k,t) € Nx [0,T]and i € {1,..., [t/T]}. Using the definition of the adaptation law in (18b) we have that

A(t) = Fr, (@h-1,26-1) (t) =0, 110,13 ()
. L=
A (1— e o1 (T8) Vr anyryy (), t€[0,T). (D11
i=1

[’

Hence, substituting the above into (D.10) leads to

Ts Ts
Zr(t) = —x0 —/ AslnZ—1(v)dy — / Y, te0,Ts),
0 0

t t

(—)\sl]njk_l(u) (1= eMT) T a (z’TS)) dv — / S, te[iTs, (i +1)Ts).

T

T (t) = T (iT)) +/

iTs
The two expressions above represent the Picard iterates of the following respective differential equations:
dZp_1(t) = [~ Asln@r—1(t) — AN, (E,zi—1(2))] dt
7FN70 (t,l’k_l(t))th, ik—l(o) = —x9, tE [O,Ts),
- ~ -1 _ .
dFp_1(t) = {—)\Sﬂnxk_l(t) A (1= M) ) (1T) — A, (t,xk_l(t))] dt
_FN,O' (t7xk—1(t)) th7 te [ZTsv(Z_F]‘)TS)a
for (k,t) € Nx[0,T]andi € {1,..., |t/T.]}, where we have used the definition of %, is defined in (D.9). The equa-
tions above are linear in Z;,_, while the exogenous drift and diffusion inputs Ay, (¢, 2x—1(t)) and F,» (¢, 25x—1())
are continuous and uniformly bounded over [0, 7] due to the truncation and the assumed regularity. Thus, we in-

voke [ 100, Thm. 2.3.1] to establish the well-posedness of the equations above (in the variable Zj_1). Furthermore, the
linearity in 2 implies that we may write (see e.g. [95, Sec. 5.4.2])

t
Froa(t) = —etag — / eI, te0,T,), (D.14a)
0
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t
Tp_1(t) = e M) 30 (T) + A, (1- e)‘sTs)_l Tp—1 (iTs)/ e M) gy
iT,

. (D.14b)
*/ e MUY, t e [iT, (i + 1)Ts),

i T

E]

for (k,t) € Nx [0,T] and i € {1,...,[t/T.]}, where we have substituted back the definition of ¥, is defined
in (D.9). Simplifying the expression above by solving the second integral in the last equation yields

t
jk_l(t)z—e—*sfxo—/ e MUy e 0,Ty),
0

- —1 AL (i _ .
Froa(t) = e MOz, GT,) + (1- e)\sTs) (1 et zTS)) Fr1 (iTs)

t
— / eyt e [iTs, (i 4+ 1)Ts),

T,

for (k,t) € Nx [0,T]and i € {1,..., [t/Ts]}. Hence, we conclude that

Ts
Fp_1(Ts) = —e 2 Tegg —/ e M)y (D.16a)
0
1T )
T_1(iTs) = —/ e M)y e {2,....|t/Ts|}, (k,t) eNx[0,T]. (D.16b)
(i—1)T,
O

The next two results help us with the computation of dV' (Z ;) in the proof of Lemma 3.2.

Proposition D.1 Let Zy ; be the strong solution of (47), and let T(t) be the stopping time defined in (49), Lemma 3.2.
Then,

() 2\ T 1
/ e \YA%4 (ZNJ,) JH (l/, ZN,V) + —
0

2Tr (Ko (v, Zn,) VPV (ZN,V)]) dv

7(t) 7(t) - 7(t)
< —2)\/ vy (Zn,)dv + / MU (v, Zny)dv + / e pyy (v, Zn,)dv
0 0 0
7(t)
+/ v ((;S# (V, ZNw) + o (v, ZNJ,)) dv, (D.17a)
0

(t) (t)
/ NV (Zny) | Jo (v, Zn ) AW, = / N (b (V, Zny) + b1 (v, Zn)) AW, (D.17b)
0 0

forallt € Rso, where K, (v,Zn,) = J, (v, ZNny) Js (v, ZN,,,)T, and where J,, (v, Zn ) and J, (v, Zy,,) are

defined in (45), and the functions U, ¢;,, and ¢, are defined in (52) in the statement of Lemma 3.2. Additionally, we
have defined

b1 (U, Zn,) = VV (Zn,) | (e @ g(v) (A, © Zn) (v),
b0t (1, Zn0) = VV (Z,) (@ g(v) (F) 6 Zn) (v),
S (1, Znw) = VV (Zny) | (@ g(v) (Fr © Zy) (v).
Proof. Using the definitions of .J,, in (45), we have that

VV (Znw) " Ju . Znw) =Vi(Zno) Fu(v,Xn0) + Ve (Zx0)" Fu (v, X5,
+V.(Zny) (g(v )U£1V+A (VX v))

" (Zny) ( WU, + A, (Z/,X;[’V)), v e [0,7(t)],
which, upon using (9), Assumption 2 can be re-written as
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VV (Zno)" T (0, Zn0) < =20V (Zx) + Ve (Zn) " (90 ULy + Ay (v, X))
+ Ve (Znw)' (9UL + A, (v, XY,)), v el ().
Adding and subtracting F,. (X ) then leads to
YV (Zny) " Ju (v, Zn )
< =2\ (Zn,) + Vi (Znw) " g(v) (Fey = Fr) (Xn) (v)
+V.(Znw) " (G0 Fr (X)) (V) + A (0, Xn)) + Ve (Zn) T (90U + Ay (v, XR,)) . (D.I8)

for v € [0,7(t)], where we have used the definition that Uz, = F., (Xn). We develop the expression further by
using (11) in Assumption 4 to conclude that

NN

} =gW)A}, (v,) + gW) Ay (v, ).
Substituting into (D.18) yields
VV (Zn,)" T (v, Zn,)
<V (Znu) + Vi (Zna) T g0) (For — Fo) (Xn) (0) + YV (Zn) " (I @ g(0)*) (Aﬁ © KZD )

+VV (Zny) " (lh®g(v)) ((]—'T +A)® [ﬁﬂ) (v), velo,r(t)],

where we have used the definition that U™ = F,. (X7}/). The expression in (D.17a) then follows from the last inequality
in the straightforward manner.

Next, using the definition of J,, in (45), we have that

(1) - (1) - ¥
/ VYV (Zny) ' Ty (v, Zy ) dW, = / VYV (Z,) (F(, ® {XQ’D (v)dW,,
0 0 N

() T X
:/ 62>\VVV (Zy) ((p + Ao') O] |:X]7Y:|> (V)dW,,, t e RZO’
0 N

where we have used the definition of F), in (2). Since (11) and (12) in Assumptions 4 and 5, respectively, along with
Definition 4 imply that

p(v,) + Ao (v,) =) p (v,) + g(0) AL () + ()" (v,) + g(W)A; (v,)
:g(y)lF;_ (V7 ) +9(V)Fc! (Vv ) )
the previous integral equality can be re-written as

(%)
/ NV (Znw) " Ty (v, Zn) AW,
0

- /OT(t) VY (Z,)" (la @ g(v)?h) (Fi o] EZD (v)dW,

(t)
[ v (2) @) (F o XN maw,,
0 Xy
for t € R, thus establishing the expression in (D.17b). ]
In the subsequent proposition, we derive the effect of reference feedback operator F,. on the truncated joint process

ANES

Proposition D.2 Let Zy ; be the strong solution of (47), and let T(t) be the stopping time defined in (49), Lemma 3.2.
Then, for the term ¢y defined in the statement of Proposition D. 1, we have that

T(t) T(t) , | R
/ 2N gy (v, Zny)dv = / (L{H (r(t), v, Zn;w)dv + U, (7(t), v, Zn;w) dWy)
0 0
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T(t)
+/ e2MV ((ZSU,L (v, Znysw)dv + ¢u, (v, ZN i w) dWl,) , t€R5e, (D.19)
0

where
N w

Uy (7(8),v, Zyiw) = 70 =2 (TOP (1(8), 1) = N OVY (Zyri) | (12 @ 9(7(1))))

x e*” (A}L ® Zn) (v),

Us (7(8), v, Ziiw) = =70 =2 (7TOP (r(t),v) = 2 OVV (Zyr) | (12 @ 9(r(1))
x e“Y (Fg ® ZN) (v),
QA‘*: —VV (Zn,) " (12 @ g(v)) (A}, © Zn) (),

2\ —w

¢U,4, (Va ZN,V;w) =
¢UU (V7 ZN,l/;w) =

and where P (7(t),v) is defined in (54), Lemma 3.2.

VV (Zny) " (12 @ g(v) (Fy © Zn) (v),

Proof. Using the definition of ¢y in the statement of Proposition D.1, we have that
(t)
/ N oy (v, Zy ) dv
0
) 22 T
- / YV (Zy,) T (o © g(0) (Fr ® Z) (v)dv
0

T(t)
- /O ENVV (Zny) ' (12 © g(v)) <]—'w ®© (A, ©Zn) (V) + Fynw @ (Fy © Zy, W) (1/)> dv,

for all t > 0, where we have used the definition of F,. in (23). Next, using the definitions of F,, and Fys ., (-, W)
in (18a) and (23), respectively, we can re-write the previous expression as

7(t) T(t) v
| o tmzndv= [ [ (cod® ) 9V (2T (2 9.90) (e (8, © Zy) (9)d5) v
0 0 0

T(t) v
+/0 /0 (—we( X—w)v) \VA%4 (ZN,V)T (|]2 ®9(V)) (ewﬁ (FJ ® ZN) (ﬁ)dW5) dv,

for all ¢ € R>(. Changing the order of integration in the first integral on the right hand side, and applying Lemma B.1
to the second integral:

(t)
/ 2N dy (v, Zn ) dv
0
T(t) 7(t)
- - wePA =BGV (Zn8) " (I, ® dB | e“” (A © Zx) (v)dv
/ ( / (Znp)" (1o @ 9(8)) ﬂ) (AL ® Zy) ()
0 v

7(t) (1)
+/ (—/ wePA=BGV (Zy )" (I ®g(ﬂ))d5> e’ (F) ® Zy) (v)dW,, (D.20)
0 v

for all t € R>(, where in the first integral, we switch between the variables 3 and v after changing the order of
integration. We then complete the proof by using an identical line of reasoning in the proof of Proposition C.2
from (C.12) onwards.

O

Similar to Proposition C.3, we derive an alternative representation for the term P (7(¢), v/) next.

Proposition D.3 Recall the expression for P (7(t),v) in (54) in the statement of Lemma 3.2 which we restate below:

T(t)
P(r(t),v) = / ePA=w)B g, {VV(ZM)T (I ®g(ﬂ))} dB e R¥>2m 0 < <1(t), (D.21)
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where the 7(t) is defined in (49). Then, P (7(t), v) admits the following representation.:

P (7(t),v) = Po (7(£), ) 4 Pag (7(),v) + P (7(t),v) e RP®™ 0 < v < 7(t), t € R>o, (D.22)
where
3. pr(®) ()
Po(r(t),v) =Y / ePA=)Bp (B)TdB + / ePA=B (P (B)dW;) |, (D.23a)
=17V v
(t)
Poa (T(t),v) = / eA=)8p, (8)TdB, (D.23b)
_ (t) B
Plrithw) = [ € 9Py(3)7ds, (D.230)

and where Py (), Pu() € R2™ are defined as
Pu(B) = (b2 g(8)) " V2V (Zn,s) (1o @ g(B)) (Fr © Zn) (B),
ﬁb{(ﬂ) _ (|]2 ®g(6))T V2V (ZN,B) |:g(5) (f£1 7057’) (XN)(ﬂ):| ,

the terms P,,, (8) € R*™, i € {1,2,3} are defined as

Pu(B) = (12®3(8) T VV (Zn,5).
Pua(8) = (12 ® g(8)) T V2V (Znp) ([Fu + Au] @ Z) (B),

1
Pﬂs (/B) = 5
and P, (B) € R?™*4 js defined as
Po(B) = (@ g(8)" V2V (Z.5) Jo (8, Zn.5).
Additionally, we have defined Ko (8, Zn.5) = Jo (8, Zn ) Jo (8, Zn.5) | € S* and

Tr Ko (B, Zn,6) V2Vi (Zng)| o, = (81 (B, Zng) - Ron (B, Zn,p)]| € R,
Ri(B,Zng) = Tr[Ky (B, Zn,g) VVi (Zn )] € R.

2n

(2@ g(B)) " Tr [Ko (B, Zn,5) V2Vi (Znp)] o -

Proof. We closely follow the proof of Proposition C.3 and begin by defininig

g)=log()= [ogn(,l Og”(ﬂ € R, (D.24)

Then, we write VV (Zxy.5) " (12 @ g(8)) as
YV (Znp) (e ®9(8) =VV (Znp) (5)
=[VV(2Zn5) ' 3a(8) - YV (Znp) G.2m(B)]
=2 ViZhg) Gia(B) - T Vi(Zng) Giam(B)] €RVAT, (D25)
where §.;(3) € R?" is the j-th column of §(53), j € {1,...,2m}, and
Vi(Zng) =0V (Zng) [0[ZNngl; €R, i€ {l,...,2n}.

Applying Itd’s lemma to V; (Zn ) 9:,;(8) € R, (4,7) € {1,...,2n} x{1,...,2m}, and using the truncated dynamics
in (47) we get

dg [Vi (Zn.,8) 9i,5(B)]
= |V 259 + (9 (Zea) I 8.2 + 5T [ (5,205 VWi (i) ) 359)]

+VVi(Zng) Js (B, Znp) 51 (B)dWs, (D.26)
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where we have replaced Jy ;, and Ky, = J N’(,J]T,’(7 € $?" with J,, and K, because from Proposition 3.2, Zy 4 is

also a strong solution of the joint process (45) for all 5 € [v,7(t)] C [0,7*] C [0, 7n]. See (49) for the definition of
the stopping times 7* and 7. Since (D.25) implies that

ds [VV (Zn.5)" 3.4(8)] = ng Vi (Zwe) 55(8)] €R, jeq1,....2m},
we may substitute the expression in (D.26) to 0bta1n
ds [V (Zw5)" §.4(8)]
T
2n ~
T 17 (5 20) V2V (2 )22 ) 35(60d0

+3.58)"'V*V (Zng) s (B, Zng) dWs € R,

l\J\»—A

— UV (Zng) G, (B)dB + (vzv (Zn.3) o (B Zv ) +

forj € {1,...,2m}. Once again from (D.25) we have that

T A ~
YV (Zng) (2®g(B)=[VV (Znp) G.1(8) -+ VV(Zxp)" §.om(B)]-
It then follows from the previous expression that

ds [VV (Znp)" (2 © 9(8))]
.
=VV (Zn ) 9(B)dB + (v?v (Zn) T (8, Z3) + 5T [Ko (6. Zn.5) V2Ve <ZN,/3>]?Z> a(8)ds

.
+(ﬁ(B)TVQV(ZN,g)Ja(ﬁ,ZN,ﬂ)dWB) e RY?™  (D.27)

Next, it follows from the defintion of .J,, in (45) that

F,u (BvXNﬁv Uﬂlﬁ)

Fu (8, Xn) +9(B)Uc, s+ A (B, Xn )
F, (ﬂ,Xf\,ﬁ,Ug)

F, (ﬁ,X;W, Ug)

where we have used the decomposition (4) in Definition 1. It then follows from the definitions Uz, = F, (Xy) and
Ur = F, (X)) that

Ju (B, Zn.5) = €R™,

JN (ﬁaZN,,@): €R2n7

F (B, X, 5) +9(B)Fe, (XN) (B) + Ay (B, X p)
B (8. X3 5. F2 (X3) (8)) ]
which, upon adding and subtracting F,. (X ) yields
Fu (B, Xn,8) + 9(B) (Fry — Fr) (Xn)(B) + 9(B)F; (Xn) (B) + Ay (B, Xnv )
Fu (8, X550 Fr (X5) (8)) ]
F (8, Xn,g, Fr (Xn) (B)) Fr —F)(X .
e (@X;V,B,mxwm)] . [gw)( o~ F) Nm)} R

Appealing to the decomposition (4) in Definition 1 once again leads to

Jlt (63 ZN,ﬁ) =

n

54 (5.2w5) = ([t Au] © 2) (8) 4.9069) (5 0 2) )+ /10 T2 Z P OO e gon. 2

Similarly, the defintion of J,, in (45) implies that

Fs (ﬁvXNﬁ)

Jo (B:Znp) = | g (@X};ﬂﬂ)

] = ([Fo + As] @ Zy) (B) € R*™Y, (D.29)

where we have once more used the decomposition (4) in Definition 1. Substituting (D.28) and (D.29) into (D.27)
produces
T

Zm )+ Pu(B) +PuB)| dB+ (Ps(B)dWs) " € RI*?™,

Then, (D.22) is established by substituting the above into (D.21).

dﬁ \YA% (ZN”B)T (Ug@g }
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The next result establishes the bounds for the pertinent entities in the last proposition.

Proposition D.4 Consider the functions P,,, (t) € R®™, i € {1,2,3}, and P, (t) € R*™*4 defined in the statement of
Proposition D.3. If the stopping time 7*, defined in (49), Lemma 3.2, satisfies T* = t*, then

0
T

1
— . (D.30a)

V2

"
|(P) | < vAnsBovap, (@a), ae{2pdp},  (D30b)
q

2* <Vnl, (Aavﬁm + —=ApyvAp, (4P,2P)) +V24,
p

(Vv (zw)

t*ll2p

> (7).

where
s =0, [ #5000, [ o 0),

=

8 09 = B [ (B 30)), 4 B [ (B (X001 ]+ [ (e 0w ] B [ (2 3x0), ]

r
t* t* t*

for (r;s) € {2p,4p} x {2p,4p}.

Proof. we closely follow the proof of Proposition C.4. We begin with the term P,,, defined in (D.23a), which we may
bound as follows:

1P @O < 12 @ GO IVV (Zne)ll < V284 [V (Zna)ll, ¥t € 10,71,

where we have used the bound on §(t) in Assumption 1. It then follows that

(Pur).. < V28, (VV (Zv) .

(7).

Similarly, using the bound on ¢(t) in Assumption | and using the bound in (E.1b), Proposition E.1, we obtain

and thus .
s s

‘< V2A, H (vv (ZN)) (D.31)

2p

t* 2p.

1P (Ol < (112 @ g1 V2V (Zn) [ | ([F + M) © Z) (0]

< \/ﬁAgAOV

[u (t, Xne) + Ay (ﬁXN,t)] H
(6 XN ) + M (8 X5 ]

and thus
1P ()l <VnAgAov ([|Fy (8, Xnvo) || + [1Au (6 Xno) | + (| Fu (8 X8a) [+ [[An (6 XR)]) . VE€[0,T).
Therefore, we can conclude that
(Pua) . < Vs Bov (Bt Xno) |+ (8 0 Xnwa)) + (B (t.X5)), + (A (t.X5,)) ) ©32)
It then follows due to the Minkowski’s inequality that
L
2P>

H(,PM)t*
N [CeESS)

s

" < v ([ (B x0),

| ()

t*

t* t*

VA, Ay <H(AH (X)) ;) . (D33)

Next, consider the term P,,, defined in (D.23a), using which we obtain the following bound:

2

. " 1 2n
0Tl %WMN@MWWAML¢f4Z@me>, (D.34)
=1

<L
V2
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where
R (6, Zng) = Tr [Ky (4, Zn ) V2Vi (Zng)] €R, Ko (8, Zny) = Jo (t, Zng) o (8 Zny) | € S
Following the reasoning that leads to (C.23) and using the definition of J,, in (45), it can be shown that

2 N
[Ri (t, Zn )| < || VPVi (Zn) | 5 (HFU (t. Xn)lp + [ Fo (t’XN,t)HF) ’
forall (t,4) € [0,T] x {1,...,2n}. Substituting the above bound into (D.34) then leads to

[Pantl < - <ZWQZMM>(Emmm?w&@mm®

Js (170 20l ) (1 0w 5 530 12)

for all ¢ € [0, T. Substituting the bound in (E.1c), Proposition E.1 produces

PO < 58 8am0 (1Fs (6 Xl + s (6 XEIZ) . e € [0.7)

(Pﬂg)t* < \/ZAQABQV ((Fa ('vXN)>j* + (F" ("X&))j) '

By applying the Minkowski’s inequality, it follows that

H(P“S)t* ; < \/ZAQAM ([Eﬂg [(F(, (.,XN))jj % +Eqo [(FU (.,X}“V))jj ) .

Then, using the decomposition F, = F,, + A, in (4) and the Minkowski’s inequality, we obtain

(7).

Consequently,

s

" frssan (e[ (pe o) ] e (5rcx00) )
+ \/ZA_,JABQV <[E7,9 [(AU (.,XN))ip] . +Eqo [(Ag (.,X&))jf] ) . (D39)

Adding the bounds in (D.31), (D.33), and (D.35), establishes (D.30a).

Next, using the definition of P,, we obtain
1Po @)l < Vg Doy (IFs (b Xl + [ o (X5 )| ) 2 € [0,
Thus, the decomposition F,, = F, +A,in(4) implies that
1Pl < VA Aov ([1Fs (& Xn) |+ [ Fo (8 X )|+

1A (& XNl g+ A0 (6 X5 ), V€ 0,7

and hence,
(pg)t < VnAgAoy (( ) XN)) o+ (F[, (.,X{V))t* + (AU(.,XN))t* + (A[,(-,X;[)>t*). (D.36)
Applying the Minkowski’s inequality to (D.36 ) with q € {2p,4p}, we can conclude that

It el ), )
i (|33

for q € {2p,4p}, thus establishing (D.30b) and concluding the proof.

7|—O

C < VA Agy (H(Fa ("X;f))t*

q

™
)
q

o),
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E Supporting Results

The following result establishes a few consequences of Assumption 2 that we utilize throughout the manuscript.
Proposition E.1 The ILF V € C3(R"™ x R™; R), defined in Assumption 2, satisfies the following bounds:

1
{IVV(a, D)1, 1VaV (@, )]l VeV (@, 0) [} < [VV(0,0)]] + ﬁAav lla— bl (E.1)
1 .
<[IVV(0,0)[| + —=AsvV (a,b)?,
<[vv( )”+\/E ovV (a,b)
n
{HVzV(a,b)HF, ViV(a,b)|| .|| V2,V ( a,bHF} \/;Aav, (E.1b)

{Z HV(QIVai(av b)HF s Z ||V§Vb7 (av b)HF s Z ||V(21Vb7 (CL, b)HF s Z ||V2Vai(aa b)”p} < \/ZA62V7 (E.1¢)
i=1 i=1 i=1

i=1

forall a,b € R™

Proof. Setting a’ = b = 0,, in (10a), give us

n

>~ (1Vai(a,b) = Vi, (0,00 + [V, (a,5) = V3, (0,0)) < A3,

i=1

2
= 583y fla—b?,
A2n

where we have used [49, Lem. 2.3]. The above inequality can be re-written as

i

1
IVV(a,b) = VV(0,0)]* < §A?)v la = bl* = [VV(a,b) = VV(0,0)] < ﬁAav la = bl

which, upon using the reverse triangle inequality yields
1
[VV(a,b)[| = [IVV(0,0)[| < [[VV(a,b) = VV(0,0)] < ﬁAaV lla —bll.

Thus, this bound, along with the fact that {||V,V (a,b)],||VVs(a,b)||} < ||[VV(a,b)| establishes the penultimate
bound in (E.1a). The ultimate bound in (E.1a) is established by invoking (9) in Assumption 2.

Now, for any € R, (10a) and [49, Lem. 2.3] imply

n

(a+de;,0) — Vg, (a,b S|
Z a; a+§eja )_ az(a‘ b)) V(S2 = Z( : 5) ( >> < 2A?9V’

i=1

where e; € R™ is the j'" canonical basis vector for R™. Thus, we conclude

o Sa+0e;,0) = Vo (a,0)\° (. Va(a+3de;,b) — Vi (a,b)\?
> iy (P =2 (i 5 -

i=1 =1

(Vaiaaj (a’ b))

n
=1

1
<35 A@Vv

and thus

o2 =3 (3 Oh 00 < 5y

j=1 \i=1

2
The bounds for | V3V (a, b) 2 and va ,V(a,b) H are established similarly.
’ F

I

Finally, the identities in (E.1c) are established mutatis mutandis by using (10b). O

Next, we compute the individual constituent parts for the terms Az and A7, (i,7) € {1,2} x {1,2,3}, in Lem-
mas C.1 and C.2, respectively.
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Proposition E.2 Suppose there exists a strictly positive o € R such that

Ero [ sup “X;V,t —Xj*v}tHQp*] < QQP*a
te[0,t*]

(E.2)

where the constant t* is defined in (29) and p* is defined in Assumption 3. Then, the following bound holds Y N>, >

p<p*
1
ﬁABVQ-

0
*
)
P

{H (v ), o [ (v m),

Furthermore, the drift vector field satisfies the following bounds VN>, 3 p < p*:

} < [VV(0,0)] +
2p

B (AL 0. x30)." F(al) (20 +2 (aL4) g

:
ot x5)

25 <Ap(1+A)+ Ago, H (FM (.,X;V))

0
2* < A;{L.,II,J_} (1 —I—A*) +A£7”7L}Q,
p

t*

s T

| (7 . x50) C<ap1+A).

Finally, the diffusion vector field satisfies the following bounds Y N>, > p < p*:

o[l

[ (00 x00),

t* t* 2

t*

(et

2p] g < (Aé.,n,L})z + (A[{,"”’L}>2 (1+A4A)+ (A;{",‘|7L})2 “
0

i } < AL L AL (14 A,

2p t*l4p
+Al e,
{l(agrex0) (g ), } < AP+ A)E AL,
H (Tr [H, (-, ifN) U2y (YN)])t* :z < gAav (242 +OA?, +AZA,) + \/ZOAB\/A?TQ,
TG W [ W [ W XS N R

Proof. Using (E.1a) in Proposition E.1 one sees that

1 T *
{IV: w I Ve (Yl < IVV0,0)] + \ﬁﬁav [ X 8o — XAl Ve[0T,

which implies
1
{(oor) ()} <IVVO,01+ s 800 sup || Xk, — Xiv-
t* t* V2 t€[0,t*]
Then (E.3) follows from (C.64).
Next, Assumption 4 implies that V¢ € [0, T,

HA;{LH,J_}(t’X};M)W < (Aﬂ‘l,L})Q (1 + ||X}§,7t||2>
= (A9) (A1) (13l + 15~ Xial)?,

and thus

2
2 2 2
(ag10), = (3)  (af) e il s I, k)
¢ te[0,t%] te[0,t]
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Hence, the p*"-norm of the above inequality with respect to the measure 7 is as as follows:
9 1
ple
Eno [(A;{LI,L}(., X;/))J

2p
S(Ailw,L})2+(A£\I,L})2Eﬂg (sup HXNtH+ sup HXNt X]*V,tH>
tel0,t

te[0,t*

o=

+ Exo

1
2p
< (A) s () [Ewelsup (e s;gg]||xa,t—xn,tu2ﬂ . ®9)
€(0,t*

0,t*]

where the last inequality is the consequence of the Minkowski’s inequality. Now, Proposition (3.1) establishes that
Xy = Xy, forall t € [0,7y], where X[ is the unique strong solution of (5b). Then, since 7% = t* < 7y,
Assumption (3) and Holder’s inequality imply that

E [ sup HXNtH <A VYNs; >p<pt (E.7)

te[0,t*]

Substituting the bounds in (E.7) and (C.64) into (E.6) leads to

1

E o {(A/ﬁ'vL}(.7X§))2p] " < (ABH,L})Q + (AE\,L})? (A, + 0)2. ES)

t*

Then, we obtain (E.4a) by applying [1 10, Prop. 3.1.10-(iii)] to the right hand side of the above inequality. Further-
more, (E.4b) is obtained from (E.8) by using the subadditivity of the square root operator.

Using the definition Fu = f in (3) and the bound f in Assumptions 2.4, we use the same approach as above to
obtain (E.4c).

Next, Definition 4, followed by Assumptions 4 and 5, lead to the following:

2
| x| = [ X

2 A{H 1} X 2
s t r
r + H o ( ’ N,t) F

< (A0 5 (a0 (14 x%,P) . vee .

and thus, the subadditivity of the square root operator implies that

(F;H,J_}(.’X;v))i < (A;[)H,J_})Q_'_ <A£|\7J_})2 <1+t:[1£* HXNtH)

2 2
S(A;{)”’L}) Jr(A({IH,J_}) <1+ts[g€ HXNtHJr sup HXNt Xj{,tH) (E.9)

Hence, taking the p*”-norm of the above inequality with respect to the measure ¥, and using the Minkowski’s in-
equality, we obtain

e [ (0 6x0)7]

< (A;'“”)Q + (Aiu,J_})Q 1+ Eqo

o=

1

p

s[up]Hva,t—X&tH"] . (E.10)
t *

)

sup || X3[”

—‘r[Eﬂ.o
te[0,t4] -

Now, using Jensen’s inequality and the bounds in (C.64) and (E.7), we deduce that

2
Enro [ sup || X7 | ] [ sup || X || < Al (E.11a)
t€[0,t*] te[0,t*]
2
m[wﬂmﬁXwﬂémlmﬂﬂwaﬂrm? (E.11b)
te[0,t%] €[0,t]
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Substituting these bounds into (E.10) yields (E.5a). Furthermore, the 2p-norm in (E.5b) is obtained by using the
subadditivity of the square root operator on (E.5a).

The 4p-norm in (E.5b) is obtained by taking the 2p*"-norm of the inequality in (E.9) with respect to the measure 72,

and following identical steps as above.
Inequality (E.5c) is a direct consequence of (E.5b) and(??) and the decomposition F,, = E, + A, in (4).

Next, we see that by using an identical line of reasoning that produced (C.23) in the proof of Proposition C.4 and the
definition of GG, in (25), we get that

Te [H, (1) V2V (V)] < 192V () (180 (X5 2+ 1By (6 X3 I2) . vee 0.7
which, upon using (E.1b) in Proposition E.1, yields
Tr [H, (t,YN) V?V (YN )] < \/zﬁav (HFa (t, XN.1) er + || Fs (t,XX/,t)Hi“) , Vtelo,T].

It then follows from the decomposition £, = F, + A, in (4) that

Tr [H, (t,YN) VZV (Vi) S\/ZABV (Hp (t, XN +) Hi +|p (tyXJ*v,t)Hiﬂ +[|As (t7XJTV,t)Hi“) , Vtel0,T],

where we have used the definition F, = pin (3). Using the bounds on p and A, in Assumptions 2.4 and 4, respectively,
we obtain

T, 000V (5] <) ar (283482 (1 1351 )
<\[3800 (082 + A2 4 a2 3, )
S\/ZAW (207 + A% + A2 || XX || + A% || Xk — X¥l]) . VE€[0,T].

Hence, we conclude that

(Tr [Ho. (-, Yn) \VEAYS (YN)Dt* §\/§A3v <2A12, + A?, + AZ s[up | HX}‘HH + A[Q, s[up ] HX}“V’t — XI*VtH) .
telo,t* te[o,t*

Taking the p**-norm of the above inequality with respect to the measure 7, and using the Minkowski’s inequality, we
obtain

0
Tr*

| (e [t vy 72V ()] )

t* llp

% P
+ AZE 0 [ sup || X7y, —Xz*v,tHP]
te[0,t*]

< \/ZAav 202 + AZ + AZEg l sup [ X"
]

telo,tr

Then, substituting the bounds (E.11) into the above inequality leads to (E.5d).
Finally, using the definition F, = pin (3) and the bound on p in Assumptions 2.4 yields (E.5e). O
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